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PREFACE. 


THE following attempt to set forth in a systematic and con- 


nected form the present state of the theory of the Motion of 
Fluids, had its origin in a course of lectures delivered, in Trinity 
College, Cambridge, in 1874, when the need for a treatise on the 
subject was strongly impressed on my mind. Various circumstances 
have retarded the completion of the work in a form fit for the 
press; but as the delay has enabled me to incorporate the results 
of several important recent investigations, and altogether to render 
the volume less inadequate to its — than it would otherwise 


have been, this is hardly matter for regret. 


I have endeavoured, throughout the book, to attribute to their 


proper authors the various steps in the development of the subject. 


The list of Memoirs and Treatises at the end of the book has no 


pretensions to completeness, and as it is to a great extent based on 


Vi PREFACE. 


MS. notes which I have no present means of verifying, some of 


the references may possibly be inexact. I trust however that the 
list may, in spite of these drawbacks, be of service to the student 


who wishes to consult the original authorities. 


I am under great obligations to my friends Mr H. M. Taylor 
and Mr W. D. Niven of Trinity College for their kindness in 


correcting the proof-sheets and in generally supervising the 


passage of the work through the press. 


HORACE LAMB. 


ADELAIDE, 
May 16, 1879. 
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THE EQUATIONS OF MOTION, 


1, THE following investigations proceed on the assumption 
that the fluids with which we deal may be treated as practically 
continuous and homogeneous in structure; 2.e. we assume that the 
properties of the smallest portions into which we can conceive 
them to be divided are the same as those of the substance in 
bulk. It is shewn in note (A), at the end of the book, that the 
fundamental equations arrived at on this supposition, with proper 
modifications of the meanings of the symbols, still hold when we 
take account of the heterogeneous or molecular structure which is 
most probably possessed by all ordinary matter. 


2. The fundamental property of a fluid is that it cannot 
be in equilibrium in a state of stress such that the mutual 
action between two adjacent parts 1s oblique to the common 
surface. This property is the basis of Hydrostatics, and 1s veri- 
fied by the complete agreement of the deductions of that science 
with experiment. Very slight observation is enough, however, to 
convince us that oblique stresses may exist in fluids an motion. 
Let us suppose for instance that a vessel in the form of a circular 
cylinder, containing water (or other liquid), is made to rotate 
about its axis, which is vertical. If the motion of the vessel be 
uniform, the fluid is soon found to be rotating with the vessel as 
one solid body. If the vessel be now brought to rest, the motion 
of the fluid continues for some time, but gradually subsides, and 


I 
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at length ceases altogether; and it is found that during this pro- 
cess the portions of fluid which are further from the axis lag 
behind those which are nearer, and have their motion more 
rapidly checked. These phenomena point to the existence of 
mutual actions between contiguous elements which are partly 
tangential to the common surface. For if the mutual action were 
everywhere wholly normal, it is obvious that the moment of 
momentum, about the axis of the vessel, of any portion of fluid 
bounded by a surface of revolution about this axis, would be 
constant. We infer, moreover, that these tangential stresses are 
not called into play so long as the fluid moves as a solid body, but 
only whilst a change of shape of some portion of the mass is 
going on, and that their tendency 1s to oppose this change of 
shape. 


3. Itis usual, however, in the first instance, to neglect the 
tangential stresses altogether. Their effect is in many practical 
cases small, but, independently of this, it is convenient to divide the 
. not inconsiderable difficulties of our subject by investigating first 
the effects of purely normal stress. The further consideration 
of the laws of tangential stress is accordingly deferred till 
Chapter IX. 


If the stress exerted across any small plane area situated at a 
point P of the fluid be wholly normal, its intensity (per unit area) 
is the same for all aspects of the plane. The following proof of 


C 
~N 
N 
N 
N 
Pp | 
L— A 
B 


this theorem is given here for purposes of reference. Through P 
draw three straight lines PA, PB, PC mutually at right angles, 
. and let a plane whose direction-cosines relatively to these lines 
are l, m, n, passing infinitely close to P, meet them in A, Ð, C. 
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Let p, p., Py, p, denote the intensities of the stresses * across the 
faces ABC, PBC, PCA, PAB, respectively, of the tetrahedron 
PABC. If A be the area of the first-mentioned face, the ureas 
of the others in order are JA, mA, nA. Hence if we form the 
equation of motion of the tetrahedron parallel to PA we have 


p, lA =pl. A, 


where we have omitted the terms which express the rate of 
change of momentum, and the component of the external im- 
pressed forces, because they are ultimately proportional to the 
mass of the tetrahedron, and therefore of the third order of small 
quantities, whilst the terms retained in the equation of motion 
are of the second. We have then, ultimately, p = p,, and similarly 
pP = P, = Pı, which proves the theorem. 


4. The equations of motion of a fluid have been obtained in 
two different forms, corresponding to the two ways in which the 
problem of determining the motion of a fluid mass, acted on 
by given forces and subject to given conditions, may be viewed. 
We may either regard as the object of our investigations a know- 
ledge of the velocity; the pressure, and the density, at all points of 
space occupied by the fluid, for all instants; or we may seek to 
determine the history of each individual particle. ‘The equations 
obtained on these two plans are conveniently designated, as by 
German mathematicians, the ‘ Eulerian’ and the ‘ Lagrangian’ 
forms of the hydrokinetic equations, although both forms are in 
reality due to Euler f. 


The Eulerian Forms of the Equations. 


5. Let u, v, w be the components, parallel to the co-ordinate 
axes, of the velocity at the point (x, y, z) at the time t. These 
quantities are then functions of the independent variables x, y, z, t. 
-= For any particular value of ¢ they express the motion at that 


* Reckoned positive when pressures, Negative when tensions. Ordinary fluids 
_ are, however, incapable of supporting more than an exceedingly slight degree of 
tension, so that p is Nearly always positive. 

+ Principes généraux du mouvement des fluides. Hist. de UAcad. de Berlin, 
1755. 

De principiis motus fluidorum. Novi Comm. Acad. Petrop. t. 14, p.1, 1759. 

Lagrange starts in the Mécanique Analytique with the second form of the 
equations, but transforms them at once to the ‘Eulerian’ form. 
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instant at all points of space occupied by the fluid; whilst for 


particular values of x, y, z they give the history of what goes on at 
a particular place. 


Now let F be any function of x, y, z, t, and let us calculate the 
rate at which /’ varies for a moving particle. This we shall denote 


by A the symbol G being used to express a differentiation 


following the motion of the fluid. At the time t+ dt the particle 


which at the time ¢ was in the position (a, y, z) is in the position 


(x+ udt, y+vdt, z+ wdt), and therefore the corresponding value 
of F is 


dF dF dk dF 
E+ dt + -77 udt + "m aadi g, wat. 


Since the new value of F for the moving particle is also ex- 


OF 


_ pressed by F + ap dt, we have 


6. Let p be the pressure, p the density, X, Y, Z the compon- 
ents of the external impressed forces per unit mass, at the point 
(x, y, z) at the time t Let us take a rectangular element having 


its centre at (x, y, z), and its edges dz, dy, dz parallel to the co- 
ordinate axes. The rate at which the z-component of the momen- 


tum of this element is increasing is pdxdydz a and this must 


be equal to the a-component of the forces acting on the element. Of 
these the external impressed forces give pdadydz X. The pres- 
sure on the yz-face which is nearest the origin will be ultimately 
( p- 4 z dæ) dy dz, that on the opposite face (p +4 7 dæ) dydz. 


The difference of these gives a resultant -%2 dxdydz in the di- 


rection of v-positive. The pressures on the remaining faces are 
perpendicular to x. We have then 


pdady dz i pda dy dz x-2 dxdy dz. 
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Substituting the value of oe from (1) we obtain 
du du. du du 1 dp 
di dat’ dy tag * 3 de 
and, in like manner, 
dv dvu dv dv 1 dp (2) 
qT” de” dy” u ost 
dw dw dw dw 1 dp 


7. We have thus three equations connecting the fve unknown 
quantities u, v, w, p, p. We require therefore two additional 
equations. One of these is furnished by a relation between p 
and p, the form of which depends on the physical constitution 
of the particular fluid which is the subject of investigation. For 
the case of a gas kept at a uniform temperature we have Boyle's 
Law 


If we have a gas in motion of such a nature that we may neglect ° 


the loss or gain of heat by an element due to conduction and radi- 
ation, the relation is 


where y = 1°41 for air. In the case of an ‘incompressible’ fluid, 


or liquid, we have 
p = CONSTANE.......cccesceoececseccececes (5). 


8. The remaining equation is a kinematical relation between 


u, v, w, p obtained as follows. If V denote the volume of a 
moving element of fluid, we have, on account of the constancy 


of mass, 


Or or 


Now the rate of increase of volume of a moving region 1s evid- 
ently expressed by the surface-integral of the normal velocity 
outwards, taken all over the boundary. If the region in question 


be that occupied by the matter which at time ż fills the rectangular 
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element of Art. 6, the parts of this surface-integral due to the two 
yz-faces are 


du du 
Gif dæ) dydz, and — (u -$ 7- dæ) dydz, 
which give together z dxdydz. Calculating in the same way 
the parts due to the other faces, we find 
oV /du dv dw 
ot 7 (d tayt Ja) iia deel 
Since we have a'so V =daxdydz, (6) becomes 
Op du dv dw 
a tP get ay + dz) = oP 








This is called the ‘equation of continuity.’ 


- If the fluid be incompressible though not necessarily of uniform 
density, the value of p does not alter as we follow any element, 


l.e. P _ 0, so that (7) becomes 


Ot 
h 4. $ + z Wt I PPE (9) 
The expression 
du dv dw 
da * dy* dz’ 


which, as we have seen, measures the rate of increase of volume of 
the fluid at the point (x, Y, z),18 very conveniently termed the 
‘expansion’ at.that point. 


9. There are certain restrictions as to the values of the 
dependent variables in the foregoing equations. 


Thus u, v, w, p, p are essentially single-valued functions. 


The quantities u, v, w must be finite, and in general continuous, 
though we may have isolated surfaces at which the latter restriction 
does not hold. If the fluid move so as always to form a continuous 


mass, a certain condition, given in Art. 10, must be satisfied at such 
a surface. 


The quaitity p 1s necessarily continuous, and finite. It is also 
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essentially positive, at all events in the case of ordinary fluids, 
which cannot sustain more than an infinitesimal amount of tension 
without rupture. Hence if in any of our investigations we be led 
to negative values of p, the state of motion given by the formule 
is an impossible one. At the moment when, according to the form- 
ulz, p would change from positive through zero to negative, 
either the fluid parts asunder, or a surface of discontinuity 1s 
formed, so that the conditions of the problem are entirely changed. 


See Art. 94. 


The quantity p is finite and positive, but not necessarily con- 
tinuous. 


10. The equations, which have been obtained so far, relate to 
the interior of the fluid. Besides these we have, in general, to 
satisfy certain boundary conditions, the nature of which varies 
according to the circumstances of the case. 


Let FG, BO) Pc rrsazssesexavieseaees (10) 


be the equation to a surface bounding the fluid. The velocity 
relative to this surface of a particle lying in it must be wholly 
tangential (or else zero), for otherwise we should have a finite tlow 


of liquid across the surface, which contradicts the assumption that 
the latter is a boundary. The instantaneous rate of variation of F 


for a surface-particle must therefore be zero, 1.e. we have 


OF 


Ot = 0 Co Oe reer reser res erst eececorer (1 1) 
‘This must hold at every point of the surface represented by (10). 
At a fired boundary we have d = 0, so that (11) becomes 


Prg E 
“da ” dy dz 


or, if l, m, n be the direction-cosines of the normal to the surface, 


If F=0 be the equation of a surface of discontinuity, 2.€. a 
surface such that the values of u, v, w change abruptly as we pass 


from one sıde to the other, we have 


and "a T ae ' l 
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where the suffixes are used to distinguish the two sides of the 
surface. By subtraction we find 
l (u,— Up) Em (v, =v) +n (w, — w.) = 0....5....(13). 
The same relation holds at the common surface of two different 
fluids in contact; and also, since in the proof of (11) no assumption 


1g made as to the nature of the medium of which (10) is a boundary, 
at the common surface of a fluid and a moving solid. 


The truth of (13), of which (12) is a particular case, is other- 
wise obvious from the consideration that the velocity normal to 
the surface must be, in each of the cases mentioned, the same on 


both sides. 


11. ‘The equation (11) expresses the condition that if the 
motion be continuous the particles which at any instant lie in the 
bounding surface lie in it always. For (11) expresses that no fluid 
crosses the surface F= 0; and the same thing necessarily holds of 
every surface which moves so as to consist always of the same series 
of particles. If then we draw a surface parallel and infinitely close 
to F= 0, and suppose it to move with the particles of which it is 
composed, the stratum of fluid which is included between this and 
F= 0, and which in virtue of the continuity of the motion remains 
always infinitely thin, must always consist of the same matter ; 
whence the truth of the above statement. 


It has been suggested that (11) would be satisfied if the part- 
icles of fluid were to move relatively to the surface F'= 0 in paths 
touching it each at one point only. The above considerations shew 
that this is not possible for a system of material particles moving 
in a continuous manner; although it would be so for mere gev- 
metrical points which might coincide with and pass through one 
another*. It is, indeed, difficult to understand how, in the case 
supposed, the particles which are receding from the surface are to 
keep clear of those which are approaching it. 


12. In the above method of estab:ishing the fundamental equa- 
tions we calculate the rate of change of the properties of a definite 


* The student may take as an illustration the motion of a series of points 
given by the formule 
u= +z, V=C, wW w=0, 
the upper sign in u being taken for points receding from the fixed boundary z= 0, 
the lower for points approaching it. 
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portion of matter as it moves along. In another method, which 
is indeed more consistent with the Eulerian notation, we fix our 
attention on a certain region of space, and investigate the change 
in its properties produced as well by the flow of matter inwards 
and outwards across the boundary as by the action of external 
forces on the included mass*, 


Let Q denote the measure, estimated per unit volume, of any 
quantity connected with the properties of a fluid, and let us cal- 
culate the rate of increase of Q in a rectangular space dzdydz 
having its centre at (x, y, z). This is expressed by 


CO TE E PAO aranan, (14). 
Now the amount of Q which enters per unit time the specified region 


across the yz-face nearest the origin is (Qu -4 — —— +" de) dy dz, and 


the amount which leaves the region in the same time by the oppos- 





ite face is (Qu +4 Ca d) dydz. The two faces together give a 


d. Qu 
da 
way the effect of the flow across the remaining faces, we have for 
the total gain of Q due to the flow across the boundary the formula 


d.Qu d.Qw d. = | i 
“i= as dy dz Ax dy AZ ..rscsvcervvees (15). 


First, let us consider the change of mass, 2.e. we put Q =p, the 
mass per unit volume. Since the quantity of matter in any region 
can vary only in consequence of the flow across the boundary, the 
expressions (14) and (15) must in this case be equal; this gives 
the equation of continuity in the form (8). 





gain of — dxdydz per unit time. Calculating in the same 





Next, let us take the change" of momentum, making Q = pu, 
the momentum parallel to æ per unit mass. The momentum con- 
tained in the space dædydz is affected not only by the passage of 
matter carrying its momentum” with it across the boundary, but 
also by the forces acting on the included matter, viz. the pressure 
and the external impressed forces. The ‘effect of these resolved 





è . 
* See Maxwell, On the Dynamical Theory of Gases, Phil. Trans. 1867, p. 71. 
Also, Greenhill, Sulutions of Cambtidge Problems for 1875, p. 178. 
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parallel to x is found as in Art. 6, to be 


Hence, (14) is now equal to (15) and (16) combined, which 


gives 
d. pu d. pu" 
dt + dx | 
Performing the differentiations, and simplifying by means of the 
equation of continuity, we are led again to the first of equations (2), 


and in like manner the second and third equations may be ob- 
tained. 


13. Another interesting application of the method of Art. 
12 is to make Q=(4¢ + V+ E)p, the energy per unit mass. 
Here g denotes the resultant velocity y(u? + v? + w°), V the 
potential energy per unit mass with reference to the external 1m- 














petana forces (viz we have X =——_, &c. Jsa and Æ the intrinsic 


energy. In a liquid we have '&=0. If the system of external 
forces do not change with the time the alteration in the energy 
contained within the space dxdydz is due to the flow of matter 


carrying its energy with it, and to the work done on the con- 
tained matter by the pressure of the surrounding fluid. The 
total rate at which this pressure works 1s 


The verification of the formula obtained by equating (14) to the 
sum of (15) and (18) 1s left as an exercise for the student. 


14, To obtain by the same method a proof of the surface- 


condition (11) of Art. 10, let in Fig. 1 (Art. 3) P denote a point 
of the fluid infinitely close to the surface F=0; and let A, B, C 
be the points in which this surface is met by three straight lines 
drawn through P parallel to the axes of co-ordinates. Then if 


PA, PB, PC =a, B, y respectively, we have 


where F, denotes the value of the function F at P (a, y, 2). The 
rate of flow of matter into the space included between the three 
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planes meeting in P, and the surface F= 0, is ultimately 


2 p(upy + vya + wap); 
and the rate of increase of tle mass included in this space is ultim- 


ately xu poy). Equating these expressions, substituting for 


a, 8, y their values, and omitting infinitesimals of higher order 
than the second, we readily find 


dF dE, „aF aF 


which agrees with (11). 


Impulsive Generation of Motion. 


15. If at any instant impulsive forces act on the mass of the 
fluid, or if the boundary conditions suddenly change, a sudden 
alteration in the motion may take place. The latter case may 
arise, for instance, when a solid immersed in the fluid is suddenly 
set in motion. 


Let p be the density, u, v, w the component velocities 1mmedi- 
ately before, u, v, w those immediately after the impulse, X’, Y’, 
Z the components of the external impulsive forces per unit mass, 
æ the impulsive pressure, at the point (x, y, 2). The change of 
momentum parallel to x of the element defined in Art. 61s then 


pdxdydz(u'—u); the x-component of the external impulsive forces 
is pdxdydzX’, and the resultant impulsive pressure in the same 


direction is -—— dxdydz. Since an impulse is to be regarded as 


da 


‘an infinitely great force acting for an infinitely short time (7, say), 
the effects of all finite forces during this interval are neglected. 


Hence, 
pdedyde(u — u) = pdzdydzX' — © dedyde, 
; , ldo k 
or U— u = X To is | 
3 l da 
Similarly, Y — v = Y =- ene 19). 
y = ae (19) 
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These equations might also have been deduced from (2), by multi- 
plying the latter by dt, integrating between the limits 0 and r, 


putting X’ = Xdt, &c., 5 = JN pdt, and then making 7 vanish, 


In a gas an infinite pressure would involve an infinite density ; 
whereas no change of density can occur during the infinitely short 
time T of the impulse. Hence, in applying (19). to the case of a 
gas we must put a = 0, whence 


u —u=X, vV-v=Y, WH WEL eseese.. (20). 
In a liquid, on the other hand, an instantaneous change of 
motion can be produced by the action of impulsive pressures only, 


even when no impulsive forces act bodily on the mass. In this 
case we have X’, Y’, Z’ each = 0, so that 


ee 
=- pde’ 
1 da 
| EE a ees F xe serintewekeeasseeneen (21): 
v-v- i, 21) 
w-wy=- 12 
= pdz’ 


If we differentiate these equations with respect to 2, y, 2, re- 
spectively, and add, and if we further suppose the density to be 
uniform, we find by’ (9) that 

Ga daw da 
dat t dy * dz 

The problem then, in any given case, is to determine a value 
of æ satisfying this equation and the proper boundary conditions* ; 
the instantaneous change of motion is then given by (21). 


= (). 


The Lagrangian Forms of the Equations. 


16. Let a, b, c be the initial co-ordinates of any particle of 
fluid, 2, Y, z its co-ordinates at time ¢. We here consider a, y, z as 
functions of the independent variables a, b, c, t; their values in 
terms of these quantities give the whole history of every particle 
of the fluid. The velocities parallel to the axes of co-ordinates of 


* It will appear in Chapter 111. that (save as to additive constants) there 1s only 
one value of w which does this. 
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| 7 dx dy dz 
the particle (a, b, c) at time ¢ are a? de? de’ and the component 
foes dx d'y dz 
accelerations 1n the same directions are JE ee Let p 


and p be the pressure and density in theneighbourhood of this particle 
at time t; X, Y, Z the components of the external impressed forces 


per unit mass acting there. Considering the motion of the mass 
of fluid which at time ¢ occupies the differential element of volume 


dxdydz, we find by the same reasoning as in Art. 6, 


dæ 1 dp 

de ~~ 5 de” 
d'y 1 dp | 
de * 5 dy’ | 
a Ie || 
dë? ~ pdz° 


These equations contain differential coefficients with respect 
to x, y, 2, whereas our independent variables are a, b, c, t. To 
eliminate these differential coefficients, we multiply the above 


equations by da’ da’ da’ respectively, and add; a second time 
de dy dz , , , dx dy dz 
by Th’? Jb? db’ and add; and again a third time by Te’ de? de’ 


and add. We thus get the three equations 


dx dc (dy dy (02 _ E 1 dp _ 

(ae ~*) gat (a27 Y) dat (@e- 7) atp da=? 

dar dx ,.(d'y ) dz F Op _ 

(Ga X) Bt (Gee Y at (ae db * sdb” my 
da dæ (dy -y\dy , (C2 _ F T dp _ 

(a -X] d+ (Ga Fase: 4 ase” j 


These are the Lagrangian forms of the dynamical equations. 


17. As before, two additional equations are required. We 
have, first, a relation between p and p of the form (3), (4), or (5), 
as the case may be. To find the form which the equation of 
continuity assumes in terms of our present variables, we consider 


the element of fluid which originally occupied a rectangular paral- 
lelepiped having the corner nearest the origin at the point (a, 9, c), 


and its edges da, db, de parallel to the axes. At the time t the 
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same element forms an oblique parallelepiped. The corner cor- 
responding to (a, b, c) has for its co-ordinates 2, y, 2; and the: 


three edges meeting in it are respectively Ta da, T, da, Ta da ; 


db ’ db db de ° de ”’ de 
allelepiped is therefore * 
de dy de 
da’ da? da 
dx dy dz 
db 3 db ; db da dbdc, 
dc’ de? de 


or, as 1t 18 often written, 


d (£, Y 2) Jadbde. 


d (a, 6, c) 
Hence, since the mass of the element is unchanged, we have 
d (x, Y, 2) 
p Te A s et EE (23), 


where p, is the initial density at (a, b, c). 


In the case of an incompressible fluid p=p,, so that (23) 
becomes 


Weber's Transformation. 


18. If the forces X, Y, Z have a potential, z.e. if they can be 
expressed as the partial differential coefficients with respect to 
x, Y, z of a single function which we denote by — V (so that V is 
the potential energy, due to those forces, of unit mass placed in the 
position (x, y, 2)), the equations (22) may be written 


* Salmon, Geometry of Three Dimensions. 
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Let us integrate these equations with respect to t between the 
limits 0 and é& We remark that 





where u,is the initial value of the z-component of velocity of the 
particle (a, b, c). Hence if we write 


we have 
zde „dydy „dedz _„ „dx 
dt da dt da lida “T de 
i dx dx dydy , dz dz d% a 
and, sımılarly, u db t dt adb t i di = | Te (26)*. 
dode dydy dede, _ dy | 


dt de dtdc dt dc 
These three equations, together with 


dx =— V dp 4 H) 4 (2) Be (a) | EEU (27), 


and the equation of continuity, are the partial differential equa- 
tions to be satisfied by the five unknown quantities a, Y, z, p, x; 


p being supposed already eliminated by means of one of the rela- 
tions of Art. 7. 


In the case of a liquid, p occurs in (27) only, so that (26) and 
(24) may be employed to find x, y, z, and y, while p may be found 
afterwards from (27). 


The initial conditions to be satisfied are x =a, y =b, z=c, y = 0. 
The boundary conditions vary with the particular problem under 
investigation. 


19. The equations (26) and (27) may be applied to find the 
equations of impulsive motion of a liquid. Let the impulse act 


from t=0 to ¢=7, where 7 is infinitely small, and let + be the 


* H. Weber, Crelle, t. 68. 
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upper limit of integration in (25). We find y=- V — A , where a 
is the impulsive pressure and V’ the potential of the external 


impulsive forces at the point (a, b, c). Since x =qa,;y = b, z =c, 
we have, by (26), 


which agree with the equations of Art. 15. 


20. In the method of Art. 16 the quantities a, b, c need not 
be restricted to mean the initial co-ordinates of a particle; they 
may be considered to be any three quantities which serve to 
identify a particle, and which vary continuously from one particle to 


another. If we thus generalize the meanings of a, b, c, the form of 
equations (22) is not altered ; to find the form which (23) assumes, 


let £,» Ya Z, Dow denote the initial co-ordinates of the particle to 
which a, b,c refer. The initial volume of the parallelepiped, three 


of whose edges are drawn from the particle (a, b, c) to the particles 
(a + da, b, c), (a, b+db,c), (a, b, c+ de), respectively, is 


d (To, Yor Zd) da dbde, 














| d (a, b, c) 
so that instead of (23) we have 
d (x, Ys z) = d (1, Yo Za) OQ 
P- FEN =p] 77 a (28), 
and for incompressible fluids 
d (£, Y, 2) _ d (£o, Yor Zo) 
lake dae ee (29) 


21. If we compare the two forms of the fundamental equations 
to which we have been led, we notice that the Eulerian equations 
of motion are linear and of the first order, whilst the Lagrangian 
equations are of the second order, and also contain products of 
differential coefficients. In Weber's transformation the latter are 
replaced by a system of equations of the first order, and of the 
second degree. The Eulerian equation of continuity is also much 
simpler than the Lagrangian, especially in the case of liquids. In 
these respects, therefore, the Eulerian forms of the equations 
possess great advantages over the Lagrangian. Again, the form in 
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which the solution of the Eulerian equations appears corresponds, 
in many cases, more nearly to what we wish to know as to the 
motion of a fluid, our object being, in general, to gain a knowledge 
of the state of motion of the fluid mass at any instant, rather than 
to trace the career of individual particles. 


* On the other hand, whenever the fluid is bounded by a 
moving surface, the Lagrangian method possesses certain theoreti- 
cal advantages. In the Eulerian method the functions u, v, w 
have no existence beyond this surface, and hence the range of 
values of x, y, z for which these functions exist varies in conse- 
quence of the motion which we have to investigate. In the other 
method, on the contrary, the range of values of the independent 
variables a, b, c is given once for all by the initial conditions. 


The difficulty, however, of integrating the Lagrangian equa- 
tions has hitherto prevented their application except in certain 
very special cases. Accordingly in this treatise we deal almost 
exclusively with the Eulerian equations. The integration and 
simplification of these in certain cases form the subject of the 
following chapter. 


* H. Weber, Crelle, t. 68. 


CHAPTER II. 


INTEGRATION OF THE EQUATIONS IN SPECIAL CASES. - 


22. IN most cases of interest the external impressed forces 
have a potential; viz. we have 


In a large and important class. of cases the component veloci- 
ties u, v, w can be similarly expressed as the partial differential 
coefficients of a function œ, so that 


Such a function is called a ‘velocity-potential, from its 
analogy to the potential function which occurs in the theories of 
Attractions, Electrostatics, &c. The general theory of the velocity- 


potential is reserved for the next chapter; but we give at once a 
proof of the following important theorem : 


23. If a velocity-potential exist, at any one instant, for any 
finite portion of a perfect fluid in motion under the action of 
forces which have a potential, then, provided the density of the 
fluid be either constant or a function of the pressure only, a 


velocity-potential exists for the same portion of the fluid at all 
subsequent instants. 


In the equations of Art. 18, let the instant at which the 


velocity-potential ġġ, exists be taken as the origin of time; we 


have then 
uda+v,db+w,dc=d¢,, 


throughout the portion of the mass in question. Multiplying the 
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three equations (26) Art. 18 in order by da, db, dc, and adding, 


we get 


dx d dz 
yy oe + = ay +— dz- (uda + vdo + wde) = dX, 


or, with our present notation, 
udx + vdy + wdz =d (ġ, + x) = dq, say; 


which proves the theorem. 


It is to be particularly noticed that this continued existence of 
a velocity-potential is predicated, not of regions of space, but of 
portions of matter. A portion of matter for which a velocity- 
potential exists moves about and carries this property with it, but 
the portion of space which it originally occupied may, in the course 
of the motion, come to be occupied by matter which did not 
originally possess this property, and which therefore cannot have 
acquired ıt. 


The above theorem, stated in an imperfect form by Lagrange 
in Section XI. of the Mécanique Analytique, was first placed 1n its 
proper light by Cauchy. Other proofs, to be reproduced further 
on, have since been given by Stokes *, Helmholtz, and Thomson. 
A careful criticism of Lagrange’s and other proofs has been given 


by Stokes *. 


24. The class of cases in which a velocity-potential exists 
includes all those where the motion has originated from rest 
under the action of forces of the kind here supposed; for then we 
have, initially, 


udx + vdy + wdz = 0, 


or $ = const. 


Again, if the motion be so slow that the squares and products 
of u, v, w and their first differential coefficients may be neglected, 
the equations (2) become 


dt dz Toda’ &e., &e : 
du dv dw 
SO that g te + a dy + —- da 


* Camb. Phil. Trans. Vol. viir. (1845), p. 305 et seq. 


| 
b> 
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is an exact differential. Hence, integrating, we see that 


ud + vdy + wdz 


consists of two parts, one of which is an exact differential, whilst 
the other does not contain t. In some cases, for example, when 
the motion is wholly periodic, we can assert that the latter part 1s 


zero, and therefore, that a velocity-potential exists. 


25. Under the circumstances stated in Art. 23, the equations 


of Art. 6 are at once integrable throughout that portion of the mass 
for which a velocity-potential exists. For, in virtue of the rela- 


one #2 dw dw_du du_d 
ens dz dy’ dæ dz’ dy dx’ 


equations in question may be written 


which are implied in (2), the 


Here g denotes the resultant velocity /(u?+v?+w’), and F (t) is 
an arbitrary function of t, which may however be supposed in- 


do 








cluded in Th? since, by (2), the values of u, v, w are not thereby 
affected. 
For incompressible fluids the equation (3) becomes 
ap yee p 
at 24 =—=— V ot ere Tee re eee eee (4), 
whilst the equation of continuity ((9) of Art. 8) assumes the form 
ap dd dh | : 
da -4 dy EF | E (5). 


In any problem to which these equations apply, and where the 


boundary-conditions are purely kinematical, the process of solution 
is as follows. We must first find a function ¢ satisfying (5) and 


the given boundary-conditions ; then substituting in (4) we get the 
value of p. Since the latter equation contains an arbitrary func- 
tion of ¢, the complete determination of p requires a knowledge of 
its value at some point of the fluid for all values of t. 
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26. A comparison of equations (2) with the equations of Art. 15 
gives a simple physical interpretation of the velocity-potential. 


Any actual state of motion of a liquid, for which a velocity- 
potential exists, could be produced instantaneously from rest by the 
application of a properly chosen system of impulsive pressures. This 
is evident from equations (21) Art. 15, which shew, moreover, that 


d=— > + const. ; so that a = C— pẹ gives the requisite system. In 


the same way a = ph + C gives the system of impulsive pressures 
which would completely stop the motion. The occurrence of an 
arbitrary constant in these expressions shews, what is otherwise 


evident, that a pressure uniform throughout a liquid mass produces 
no effect on 1ts motion. 


In the case of a gas, ¢ is the potential of the external im- 
pulsive forces by which the actual motion at. any instant could 
be produced instantaneously from rest. 


A state of motion for which a velocity-potential does not exist 


cannot be generated or destroyed by the action of impulsive pres- 
sures, or of external impulsive forc¢s having a potential. 


27. The existence of a velocity-potential indicates, besides, 
certain kinematical properties of the motion. 


A ‘line of motion’ is defined to be a line drawn from point 
to point, so that its direction 1s everywhere that of the motion of 
the fluid. The differential equations of the system of such lines 
are 


The relations (2) shew that when a velocity-potential exists the 
lines of motion are everywhere perpendicular to a series of surfaces, 
viz. the surfaces ġ = const. These are called the surfaces of equal 
velocity-potential, or more shortly, the equipotential surfaces. 


Again, if from the point (a, y, z) we draw a linear element ds 
in the direction (J, m, n), the velocity resolved in this direction is 


dp da | do dy =< g 
lu + mv + nw, or da ds + Ty 75 + — —, which = -—. The veloc 


ity in any direction is therefore equal to the rate rf increase of ¢ 
in that direction. 
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Taking ds in the direction of the normal to the surface ¢ = const. 
we see that if a series of such surfaces be drawn so that the differ- 
ence between the values of @ for two consecutive surfaces is con- 
stant and infinitely small, the velocity at any point will be inversely 
proportional to the distance between two consecutive surfaces in 
the neighbourhood of that point. 


Hence, if any equipotential surface intersect itself, the velocity 
is zero at every point of the intersection. 


The intersection of two distinct equipotential surfaces would 
imply an infinite velocity at all points of the intersection. 


Steady Motion. 


28. When at every point the velocity at that point is constant 
in magnitude and direction, 2.¢. when 


dd °> d ? d 
everywhere, the motion is said to be ‘steady.’ 


=. In steady motion the lines of motion coincide with the paths 
of the particles and are in this case called ‘stream-lines,’ For let 
P, Q be two consecutive points on a line of motion. A particle 
which is at any instant at P is moving in the direction of thé 
tangent at P, and will, therefore, after an infinitely short time 
arrive at Q. The motion being steady, the lines of motion remain 
the same. Hence the direction of motion at Q is along the tangent 
to the same line of motion, 1.e. the particle continues to describe 
the line of motion. 


In steady motion the equation (3) becomes 
| 5 =— V— iq” + constant........ erates (8). 


The equations of motion may however in this case be inte- 
erated to a certain extent without assuming the existence of a 
velocity-potential. For if ds denote an element of a stream-line, 


we have u = y= , &c. Substituting in the equations of motion 


we have, remembering (7), 
du „ ldp 
Vas = da’ 
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with two similar equations. Multiplying these in order by 


a 8) Sond oldies, Ws tare 


ds’ ds’ ds’ 


This is of the same form as (8), but is more general in that it 
does not involve the assumption of the existence of a velocity- 
potential. It must however be carefully noticed that the ‘constant’ 
of equation (8) and the ‘C’ of equation (9) have very different 
meanings, the former being an absolute constant, while the latter 
is constant along any particular stream-line, but may vary as we 
pass from one stream-line to another. 


| 29. The formula (9) may be deduced from the principle of 

energy without employing the equations of motion at all. Taking 
first the particular case of a liquid, let us consider the portion of 
an infinitely narrow tube, whose walls are formed of stream-lines, 
included between two cross sections A and JB, the direction of 
motion being from A to B. Let p be the pressure, q the 
velocity, V the potential of the external forces, o the area of the 
cross section at A, and let the values of the same quantities at B 
be distinguished by accents. In each unit of time a mass pqo 
at A enters the portion of the tube considered, whilst an equal 
mass pgo leaves it at B. Hence qa=qo’. Again, the work 
done on the mass entering at A is pgo per unit time, whilst the 
loss of work at Bis p'g'o’. The former mass brings with it the 
energy pga (4q°+ V), whilst the latter carries off energy to the 
amount pq'o’ (1g°4-V'). The motion being steady, the portion of 
the tube considered neither gains nor loses energy on the whole, 


so that 


Dividing by pga (= pga’), we have 


Pi 2g + ya tigt V’, 
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or, using Ĉ in the same sense as before, 


i +44 VHC ciccccccccccsceecceees (10), 


which is what the equation (9) becomes when p is constant. 


To prove the corresponding formula for compressible fluids, we 
remark that the fluid entering at A now brings with it, in addition 
to its energies of motion and position, the intrinsic energy 


| * 
— | pd G) , or a + | z, per unit mass. The addition of these 


terms converts the equation (10) into the equation (9). 


In most cases of motion of gases, the relation (4) of Art. 7 
holds, and (9) then becomes 


Y P_ 
z Io Vi Fg tC. sccrecnessecneees (11). 

30. Equations (10) and (11) shew that, in steady motion for 
points along any one stream-linet, the pressure is, ceteris paribus, 
greatest where the velocity is least, and vice versa. This statement, 
though opposed to popular notions, is obvious if we reflect that a 
particle passing from a place of higher to one of lower pressure 
must have its motion accelerated, and vice versa. Some interesting 
practical illustrations and applications of the principle are given by 
Mr Froude in Nature, Vol. XII. 1875. 


It follows that in any case to which the aforesaid equations 
apply there is a hmit which the velocity cannot exceed if the 
motion be continuous. For instance, let us suppose that we have 
a liquid flowing from a reservoir where the motion is sensibly 
zero, and the pressure equal to P, and that we may neglect the 


external impressed forces. We have then in (10) C= 7 and 


therefore 


Hence if q? exceed = , p becomes negative, whereas we know that 


actual fluids are unable to support more than a very slight, if any, 


* Tait’s Thermodynamics, Art. 174 (first edition). 
+ This restriction is, by (9), unnecessary when a velocity-potential exists. 
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degree of tension, without rupture. The limiting velocity is, by 
(12), approximately that with which the fluid would escape from 
the reservoir into a vacuum. In the case of water at the atmo- 


spheric pressure, this velocity is that due to the height of the 
water-barometer, or roughly, about 45 feet per second. 


The question as to what takes place when the limiting velocity 
is reached will be considered in Art. 94. 


31. We conclude this chapter with a few simple applications 
of the equations. 


Example 1. Steady motion under the action of gravity. A 
vessel is kept filled up to a constant level with liquid which 
escapes from a small orifice in its walls. 


The origin being taken in the upper surface, let the axis of z 
be vertical, and its positive direction downwards, so that V = — gz. 
If we suppose the area of the upper surface large compared with 
that of the orifice, the velocity at the former may be neglected. 
Hence, determining the constant in (10) so that p = P (the atmo- 
spheric pressure), when z = 0, we have 


miami 1. i am MTCC Cr Ce 13 
ee aie (13) 
At the surface of the issuing Jet we have p = P, and therefore 
G = DOG csnscesvisisnnaervianecevinions (14), 


1.e. the velocity is that due to the depth below the upper surface. 
This is Torricella's Theorem. 


We cannot however at once apply this result to calculate the 


rate of efflux of the fluid, for two reasons. In the first place, the 
issuing fluid must be regarded as made up of a great number of 


elementary streams converging from all sides towards the orifice. 
Its motion is not, therefore, throughout the area of the orifice, 
everywhere perpendicular to this area, but becomes more and more 
oblique as we pass from the centre of the orifice to the sides. 
Again, the converging motion of the elementary streams must 
make the pressure at the orifice somewhat greater in the interior 
of the jet than at its surface, where it 1s equal to the atmospheric 
pressure. The velocity, therefore, in the interior of the jet will be 


somewhat less than that given by (14). 
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Experiment shews however that the converging motion above 
spoken of ceases at a short distance beyond the orifice, and that 
the jet then becomes approximately cylindrical. 


The ratio of the area of the section S’ of the jet at this point 


(called the ‘vena contracta’) to the area S of the orifice is called 
the ‘coefficient of contraction.’ If the orifice be simply a hole in 
a thin wall, this coefficient is found to be about ‘62. If a short 
cylindrical tube be attached externally, the value of the coefficient 
is considerably increased ; if, on the other hand, there be attached 
a short tube projecting anwards, the coefficient is about °5- 


The paths of the particles at the vena contracta being nearly 
straight, there is little or no variation of pressure as we pass from 
the axis to the surface of the jet. We may therefore assume the 
velocity there to be uniform, and to have the value given by (14), 
where z now denotes the depth of the vena contracta below the 
surface of the liquid in the vessel. The rate of efflux is therefore 


J/29z.ps. 


32. The calculation of the form of the issuing jet presents 
great difficulties, and has only been effected in one or two simple 
cases. (See Arts. 96, 97, below.) It is, however, easy to shew 
that the coefficient of contraction cannot (in the absence of fric- 
tion) fall below the value 4. For the pressure of the fluid at the 
walls of the vessel 1s approximately equal to the statical pressure 
P + gpz, except near the orifice, where on account of the velocity g 
becoming sensible, it 1s, by (13), somewhat less. Assuming it for 
the moment to be equal to the statical pressure, we see that the 
total horizontal pressure exerted on the fluid by the vessel 1s 


PS + gp ff ZdUS ccccccccceccccccescsceeees (15), 


where the integration extends over the area S of the orifice. The 
horizontal pressure exerted by any one element of the vessel’s 


walls is in fact balanced by that due to an opposite element, ex- 
cept in the case of those elements which are opposite to the orifice, 
The first term of (15) is balanced by the pressure P of the atmo- 
sphere on the portion of fluid external to the vessel; so that the 
total horizontal force acting on the fluid is gp [f zdS, or gpz8, if z 
be the depth of the centre of inertia of the orifice. It ıs this force 
which produces the momentum with which the fluid leaves the 
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vessel. The mass of-fluid which in unit time passes the vena 
contracta is pgS,, and the momentum which this carries away with 
it is pg’S’. Hence, substituting the value of q from (14), we have 


JPZS H=2TMZS .rsceccsccccessecceceees (16), 
or, since z, z are nearly equal 
S’:S=1: 2, 


approximately. Since, however, the pressure on the wall is, near 
the orifice, sensibly less than the statical pressure P+ gpz, the 


total horizontal force acting on the fluid somewhat exceeds the 
value (15). The left-hand side of (16) is therefore too small, and 
the ratio S’ : S is really greater than 4. 


The above theory is taken from a paper by Mr G. O. Hanlon, 


in the’ 3rd volume of the Proceedings of the London Mathematical 
Society, and from a note appended thereto by Professor Maxwell. 


In one particular case, viz. where a short cylindrical tube, pro- 
jecting inwards, 1s attached to the orifice, the assumption on which 


(16) was obtained is sensibly exact; and the value 4 of the co- 
efficient of contraction then agrees with experiment. Compare 


Art. 97. 


33. Example 2. A gas flows through a small orifice from a 


receiver, in which the pressure is p, and the density p,, into an 
open space where the pressure is p,*. 


We assume that the motion has become steady. In the re- 
ceiver, at a distance from the orifice, we have p= p,, q = 0, sensibly. 
This determines the value of C in equation (11). Neglecting the 
external forces, we find for the velocity of efflux 


=y G) GB): 
Y— 1 Pi Pz 
where p, 1s the density of the issuing gas at the vena contracta. If 


c be the velocity of sound in the gas of the receiver, we have 


(Chapter VIII.) c= oo and therefore, taking account of (4), Art. 7, 
1 





* See Joule and Thomson, On the Thermal Effects of Fluids in Motion, Proc. 


R.S. May, 1856. 
Also Rankine, Applied Mechanics, Arts. 637, 637 a. 
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The maximum velocity of efflux occurs when p, = 0, %.e. when the 
gas escapes into a vacuum; it 18 


Ni í Ż r) x velocity of sound, 


or, for atmospheric air at 32° F., about 2413 feet per second. 





The rate of escape of mass however depends on the value of 
YP2» OY 


which does not continually increase as p, diminishes, but attains a 


maximum when 
í Pay 2 
—“| y = —. 
l y+1 


The velocity of efflux is then, by (17), 


g= \/ (5) x velocity of sound, 


or, for atmospheric air at 32°F., about 997 feet per second. 


The ‘reduced velocity,’ ze. the velocity of a current of the 
density p, of the gas in the receiver which would convey matter 
at the same rate 1s got by dividing the expression (18) by p,, and 
is, when a maximum, about 632 feet per second for air at 32° F. 


34. Example 3. A mass of liquid rotates, under the action of 
gravity only, with constant angular velocity w about the axis of z 
supposed drawn vertically upwards. 


By hypothesis, w=—-oy, v=oxr, w=0; 
also X=0, Y=0, Z=-4g. 


The equation of continuity is identically satisfied, and the dynamical 
equations of motion become 


These have the common integral 


b = 


r 4a" (x° + y?) — gz + const. 
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The free surface, p = const., is therefore a paraboloid of revol- 
ution about the axis of z, having its concavity upwards, and its 


latus rectum = 29. 
a) 
Since av — dur = 2a), a doui -potential does not exist. A 


motion of this kind could not be generated in a ‘perfect’ fluid, 
1.€. ın one unable to sustain tangential stress. The fact that it 
can be realized with actual fluids shews that these are not 
‘perfect.’ 


35. Example 4. Instead of supposing the angular velocity w 
to be uniform, let us suppose it to be a function of the distance r 
from that axis, and let us inquire what form must be assigned 


to this function in order that a velocity-potential may exist for the 
motion. We find 


al 2a + 7 = 
dx dy CE dr’ 
and that this may vanish we must have w7 =p, a constant. The 
velocity at any point is =- , So that the equation (9) becomes 
P 


2 
— = COnst. — 4 ad 5 
p r 


if we suppose, for simplicity, that no external forces act. To find 
the velocity-potential ¢, let us introduce polar co-ordinates r, 0. 


By Art. 27 


z = velocity along r = 0, 
= = velocity perpendicular to r = 5; 
so that 
h = u0 + const. = u arc tan = + CODSL. cocccceeee (19). 


We have here an instance of a many-valued or cyclic function. 
A function is said to be single-valued throughout any region of 


space when it is possible to assign to every point of that region a 
definite value of the function, in such a way that these values shall 
form a continuous series. This is not the case with the function 
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in (19); for the value of œ there given, if it vary continuously, 
changes by 27ry as the point to which it refers describes a complete 
circuit round the origin, whereas a single-valued function would 
under the same circumstances return to its original value. _ 


A function which like the above experiences a finite change of 
‘value when the point to which it refers describes a closed curve, 


returning to the point whence it started, is said to be many-valued 
or cyclic. The theory of many-valued velocity-potentials will be 
discussed in the next chapter. 


36. Example 5. A mass of liquid filling a right circular cy- 
linder moves from rest under the action of the forces 


X= Azr+By, Y=Buet+Cy, Z=0, 
the axis of z being that of the cylinder. 


Let us assume u=—oy, v=wx, w=0, where w is a function 
of t only. These values satisfy the equation of continuity and 
the boundary conditions. The dynamical equations become 


ld 
-y™® -a's = Ant B -- 7 
aan Sr (20). 
ge ae Bat+C oo 
dt J p dy 


Differentiating the first of these with respect to y, and the 
second with respect to æ and subtracting, we eliminate p, and find 


dw B- b 
dt 2 


The fluid therefore rotates as a whole about the axis of z with 
uniformly increasing angular velocity, except in the particular case 


when B=B. To find p, we substitute the value of = in (20) 





and integrate ; thus we get 


where 28= B4B. 


37. Example 6. Let X= -5 Y=‘, Z=0; the other 


circumstances remaining the. same as in the preceding example. 


35—37.] ROTATING FLUID. 31 


Assuming u=— oy, v=oxz, w=0, where w is a function of 


r (=a +y”) and t only, we find 





at rp dx’ 
ORs C = pæ  ldp Seve voenvesnene (21) 
dt y = qp? p dy’ 





The solution of this 1s 
| F 
aE i0 +f (r), 


where F and f denote arbitrary functions. Since w =0 when t= 0 
we have 


? 





and therefore 


where A is a function of ¢ which vanishes for¢=0. Substituting 
in (21), and integrating, we find 


P= ( - >) arc tan = — hor +y (t). 


Since p is essentially a single-valued function, we must have 


dN 
dt 
which varies inversely as the square of the distance from the axis, 
and increases uniformly with the time. 


=p, Or A= ut. Hence the fluid rotates with an angular velocity 


CHAPTER III. 


IRROTATIONAL MOTION. 


38. THE present chapter is devoted mainly to an exposition 
of some general theorems relating to the class of motions already 
considered in Arts, 22—27; viz. those in which udax + vdy + wdz 


is an exact differential throughout a finite mass of fluid. It is 
convenient to begin with the following analysis, due to Stokes’, 
of the motion of a fluid element in the most general case. 


The component velocities at the point (x, y, z) being u, v, w, 
those at an infinitely near point (x + X, y+ Y, z+ Z) are 


equations (1) may be written 
U=ut+aX+hY¥+ 97+ Z- CY, 
Vevt+hx+bY¥4 244+ EX — EZ, 
W=w+gX+fY¥ +cZ+ EY —nX. 


* Camb. Phil. Trans. Vol. vir., 1845. 





38. | ANALYSIS OF MOTION OF AN ELEMENT OF FLUID. 33 


Hence the motion of a small element having the point (x, y, z) for 
its centre may be conceived as made up of three parts. 


The first part, whose components are u, v, w,is a motion of 
translation of the element as a whole. 


The second part, expressed by the second, third, and fourth 


terms on the right-hand side of the equations (2), 1s a motion such 
that every point on the quadric 


aX?+bY*+¢Z* 4+ 2fYZ+2gZX + 2hX Y=const....... (3), 


is moving in the direction of the normal to the surface. If we 
refer this quadric to its principal axes, the corresponding parts of 
the velocities parallel to these axes will be 


U =a X, WHV Vl, WH OLD oeenn (4), 
where aX’+bhY"+c¢Z’ =const. 


is what (3) becomes by the transformation. The formule (4) express 
that the length of every line in the element parallel to X’ is being 
elongated at the rate (positive or negative) a, whilst lines parallel 
to Y’ and Z’ are being similarly elongated at the rates b and c 
respectively. Such a motion is called one of pure strain or dis- 
tortion. The principal axes of (3) are called the axes of the strain 
or distortion. 


The last two terms on the right-hand side of the equations (2) 
express a rotation of the element as a whole about an instan- 
taneous axis; the component angular velocities of the rotation 


being &, n, €. 

It can be shewn that the above resolution of the motion is 
unique. If we assume that the motion relative to the point (x, 
y, 2) can be made up of a distortion and a rotation in which the 
axes and coefficients: of the distortion and the axis and angular 
velocity of the rotation are arbitrary, then calculating the relative 
velocities U — u, V— v, W — w, we get expressions similar to those 
on the right-hand side of (2), but with arbitrary values of a, b,c, 
f, 9, h, & 7, €& Equating coefficients of X, Y, Z, however, we find 
that a, b, c, &c. must have the same values as before. Hence the 
directions of the axes of distortion, the rates of extension or con- 
traction along them, and the axis and the angular velocity of rota- 


L. 3 
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tion, at any point of the fluid, depend only on the state of relative 
motion at that point, and not on the position of the axes of 
reference. 


When throughout a finite portion of a fluid mass we have &, 
n, € all zero, the motion of any element of that portion consists of 
a translation and a distortion only. We follow Thomson in calling 


the motion in such cases ‘irrotational,’ and that in all other 
cases ‘rotational.’ 


39. The value of the integral f(udx +vdy+wdz), or, other- 


wise, | Ga +v a +w) ds, taken along any line ABCD, is 


called * the ‘flow’ of the fluid from A to D along that line. We 
shall denote it for shortness by J(A BCD). 


If A and D coincide, so that the line forms a closed curve, or 


circuit, the value of the integral is called the ‘circulation’ in that 
circuit. We denote it by J(ABCA). If in either case the inte- 


gration be taken in the opposite direction, the signs of aa &c., 


dg’ 


will be reversed, so that we have 
I(4D)=—I(DA), and I(ABCA) =- I(A4CBA). 
It is also plain that 
I( ABCD) =I(AB)+1(BC) +I (CD). 


Let us calculate the circulation in an infinitely small circuit 
surrounding the point (a, y, z). If (x + X, y+ Y, z+ Z) be a point 
on the circuit, we have, by (2), 


UdX + VAY + WdZ=d(UX+ VY + WZ) 
+ $d(aX*+bY*+cZ* + 2fYZ+29gZX + 2AXY) 
+ &(YdZ—ZdY) +n(ZdX— XdZ) +&(XdY-YadX). 


The first two lines of this expression, being exact differentials of 
single-valued functions, disappear when integrated round the cir- 


* Thomson, On Vortex Motion. Edin. Trans. Vol. xxv., 1869. 
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cuit. Again [(YdZ-— Zd Y) is twice the area of the projection of 
the circuit on the plane yz, and therefore equal to 2/dS, where dS 
is the area of the circuit, and /, m, the direction-cosines of the 
normal to its plane. The coefficients of » and ¢ give in the 
same way, on integration, 2mdS and 2ndS8, respectively. Hence, 
finally, the circulation round the circuit is 


2 (LE +m + 2G) AS. .cccccscccsccsssscccsceees (5), 


or, twice the product of the area of the circuit into the component 
angular velocity of the fluid about the normal to its plane. 


We have here tacitly made the convention that the direction 
of the normal to which J, m, n refer, and the direction in which 
the circulation in the circuit is estimated, are related in the same 
manner as the directions of advance and rotation in a right-handed 
screw *, 


40. Any finite surface may be divided, by a double series of 
straight lines crossing it, into an infinite number of infinitely small 
elements. The sum of the circulations round the boundaries of 
these elements, taken all in the same sense, is equal to the circu- 
lation round the original boundary of the surface (supposed for 
the moment to consist of a single closed curve). For, in the sum 
in question, the flow along each side common to two elements 


Fig. 2. 


Na 
AA 


comes in twice, once for each element, but with opposite signs, 
and therefore disappears from the result. There remain then only 
the flows along those sides which are parts of the original bound- 
ary; whence the truth of the above statement. 


* See Maxwell, Electricity and Magnetism, Art. 23. 
3—2 
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Expressing this statement analytically we have, by (9), 
ff2 (IE + mn +n£) dS = f(udx + vdy + wdz).........(6), 
or, substituting the values of E, n, € from Art. 38, 


where the double-integral is taken over the surface, and the 
single-integral along the bounding curve. In these formule 


the quantities J, m, n are the direction-cosines of the normal 
drawn always on one side of the surface, which we may term the 
positive side; the direction of integration in the second member 
is then that in which a man walking on the surface, on the 


positive side of it, and close to the edge, must proceed so as to 
have the surface always on his left hand. 


The theorem (6) or (7) may evidently be extended to a surface 
whose boundary consists of two or more closed curves, provided 
the integration in the second member be taken round each of 


these in the proper direction, according to the rule just given. 





Thus, if the surface-integral in (6) extend over the shaded portion 


of the annexed figure, the directions in which the circulations 
in the several parts of the boundary are to be taken are shewn by 


the arrows, the positive side of the surface being that which 
faces the reader. 


The value of the surface-integral taken over a closed surface 
1S zero. 


It should be noticed that (7) is a theorem of pure mathe- 


-+ 
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matics, and is true whatever functions u, v, w may be of x, y, z, 
provided only they be continuous over the surface”. 


Irrotational Motion. 


41. The rest of this chapter is devoted to the study of irrota- 
tional motion, as defined ‘by the equations 


Peet, ee, CY cciiccensieceicscsevees (Os 


The existence and the properties of the velocity-potential in the 
various cases that may arise will appear as consequences of these 
equations. 

Considering any region occupied by irrotationally-moving fluid, 
we see from (6) that the circulation is zero in every circuit which 
can be filled up by a continuous surface lying wholly in. the 
region, or in other words capable of being contracted to a point, 
without passing out of the region. Such a circuit is said to be 
‘evanescible.’ 


Again, let us consider two paths ACB, ADB, connecting two 
points A, B of the region, and such that either may by con- 
tinuous variation be made to coincide with the other, without ever 
passing out of the region. Such paths are called ‘mutually 
reconcileable.’ Since the circuit 4 CBDA is evanescible, we have 


I (ACBDA) = 0, or since J (BDA) =— 1 (ADB), 
I(ACB)=I (ADB); 
t.e. the flow is the same along any two reconcileable paths. 


A region such that all paths joining any two points of it are 
mutually reconcileable is said to be ‘simply-connected.’ Such a 
region 1s that enclosed within a sphere, or that included between 
two concentric spheres. In what follows, as far as Art. 53, we con- 
template only simply-connected regions. 


42, The irrotational motion of a fluid within a simply-con- 
nected region is characterized by the existence of a single-valued 


* It is not necessary that their differential coefficients should be continuous. 
The theorem (7) is’ attributed by Maxwell to Stokes, Smith’s Prize Examination 
Papers for 1854, The proof given above is due to Thomson, l.c. ante. For other 
proofs, see Thomson and Tait, Natural Philosophy, Art. 190 (j), and Maxwell, 
Electricity and Magnetism, Art. 24. 
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velocity-potential. Let ¢ denote the flow from some fixed point 
A to a variable point P, viz. 


The value of ¢ has been shewn to be independent of the path 
along which the integration is effected, provided it lie wholly 
within the region. Hence ¢ is a single-valued function of the 
position of P; let us suppose it expressed in terms of the co- 
ordinates (z, y, z) of that point. By displacing P through an 
infinitely short space parallel to each of the axes of co-ordinates 
in succession, we find 


1.€. $ is a velocity-potential, according to the definition of Art. 22. 


The substitution of any other point B for A, as the lower limit 
in (9), simply adds an arbitrary constant to the value of œ, viz. the 


flow from B to A. The original definition of $ in Art. 22, and its 
physical interpretation in Art. 26, leave the function indeterminate 


to the extent of an additive constant. 


As we follow the course of any stream-line the value of ¢ con- 
tinually increases; hence in a simply-connected region the stream- 
lines cannot form closed curves. 


43. The function ¢ with which we have here to do is, together 
with its first differential coefficients, by the nature of the case, 
finite, continuous, and single-valued at all points of the region 
considered. In the case of incompressible fluids, which we now 
proceed to consider more particularly, $ must also satisfy the 


equation of continuity, (5) of Art. 25, or as we shall write it, for 
shortness, 


at every point of the region. Hence ¢ is now subject to mathe- 
matical conditions identical with those satisfied by the potential of 
masses attracting or repelling according to the law of the inverse 
square of the distance, at all points external to such masses; so 
that many of the results proved in the theories of Attractions, 
Statical Electricity, &c., have also a hydrodynamical application. 
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We proceed to develope those which are most important from this 
point of view. 


44, The proof of (10) given in Art. 12 is based essentially on 
the consideration that since the fluid is incompressible the total 
volume which enters any element dz dy dz in unit time is zero. To 
apply the same principle to a finite region occupied entirely by 
liquid, let dS be an element of the surface of the region, dn an 


element of the normal to it drawn inwards, By Art. 27 = is the 
inward velocity of the fluid normal to the surface, and therefore 


d a’ oo. , 
a: dS is the volume which in unit time enters the region across 


the element dS. Hence 


the integration extending over the whole boundary of the region. 
Equations (10) and (11), expressing the same fact, must be mathe- 
matically equivalent; see Art. 64. 


The stream-lines drawn through the various points of an 
infinitesimal circuit constitute a tube, which may be called a ‘tube 
of flow. The product of the velocity (q) into the cross-section (c) 
is the same at all points of such a tube. 


We may, if we choose, regard the whole space occupied by the 
fluid as made up of tubes of flow, and suppose the size of the 
tubes so chosen that the product go is the same for each, The 


value of the integral | | = dS taken over any surface is then 


proportional to the number of tubes which cross that surface. If 
the surface be closed, the equation (11) expresses the fact that as 
many tubes cross the surface inwards as outwards. Hence a 
stream-line cannot begin or end at a point of the fluid. 


45. The function é cannot be a maximum or minimum at a 
point in the interior of the fluid; for, if it were, we should have 


d ® @ : ® 
op everywhere positive, or everywhere negative, over a small 


closed surface surrounding the point in question. Each of these 
suppositions 1s inconsistent with (11). 
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_ Further, the velocity cannot be a maximum at a point in the 
interior of the fluid. For let the axis of x be taken parallel to the 
direction of the velocity at. any point P. The equation (10), 
and therefore also the equation (11), is satisfied if- we write 


st for $. The above argument then shews that = 


maximum at P. Hence there must be some Mi in the imme- 


cannot be a 


diate neighbourhood of P for which oe has a greater value, and 


therefore a fortiori, for which (F SP) 4 +| zt) + + (3) is greater 


than - 2.€. the velocity of the fluid at some neighbouring point 
is greater than that at P*. 


On the other hand, the velocity may be a minimum at some 
point of the fluid. In fact, taking any case of fluid motion, let us 
impress on the whole mass a velocity equal and opposite to that 


at any point P of it. In the resulting motion the velocity at P 
will be zero, and therefore a minimum. 


46. Let us apply (11) to the boundary of a finite spherical 


portion of the liquid. If 7 denote the distance of any point from 
the centre of the sphere, dw the elementary solid angle subtended 


at the centre by an element dS of the surface, we have 


and dS=rida. Omitting the constant factor 7’, (11) becomes 





since — a || bee. or goa —; | ds, is the mean value of œ over 


the surface of the sphere, (12) shews that this mean yalue 1s inde- 


* This theorem was set by Prof. Maxwell as a question in the Mathematical 
Tripos, 1873. The above proof is taken from Kirchhoff, Vorlesungen über Mathema. 
tische Physik. Mechanik, p. 186. Another proof is given below, Art. 64. 
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pendent of the radius. It is therefore the same for any sphere, 
concentric with the former one, which can be made to coincide 
with it by gradual variation of the radius, without ever passing 
out of the region occupied by the irrotationally moving liquid. 
We may theretore suppose the sphere contracted to a point, and so 
obtain a simple proof of the theorem, first given by Gauss in his 
memoir* on the theory of Attractions, that the mean value of ¢ 
over any spherical surface throughout the interior of which (10) 
is satisfied, is equal to its value at the centre. 


The theorem, proved in Art. 45, that @ cannot be a maximum 
or a minimum at a point in the interior of the fluid, is an obvious 
consequence of the above. 


Again, let us suppose that the region occupied’ by the irrota- 
tionally moving fluid is ‘ periphractic, + 2.¢e. that it is limited 1n- 
ternally by one or more closed surfaces, and let us apply (11) to the 
space included between one (or more) of these internal boundaries, 
and a spherical surface completely enclosing ıt and lying wholly 
in the fluid. If 47J/ denote the total flux inwards across the 
internal boundary of this space, we find, with the notation as 


before, 
| | dP 19 = 40M 
dr 


the surface integral extending over the sphere only. This may be 


written 
4r -al pdo =—; 


1 ffas- [foana Mec P (13). 


That is, the mean value of ¢ over any spherical surface drawn 


whence 


under the above-mentioned conditions is equal to — + C, where 


ris the radius, M an absolute constant, and C a quantity which is 
independent of the radius but may vary with the position of the 
centret. 


* Werke, t. 5, p. 199. A translation of the memoir is given in Taylor’s Scientific 
Memoirs, Vol. 111. 

t See Maxwell, Electricity and Magnetism, Arts. 18, 22. 

+ It is understood, of course, that the spherical surfaces to which this statement 
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If however the original region throughout which the irrota- 
tional motion holds be unlimited externally, and if the first (and 
therefore all the higher) derivatives of @ vanish at infinity, then C 
is the same for all spherical surfaces enclosing the whole of the 
internal boundaries. For if such a sphere be displaced parallel 
to «*, without alteration of size, the rate at which Č varies in 
consequence of this displacement is, by (13), equal to the mean 


value of e over the surface. Since 7 vanishes at infinity, we 
can by taking the sphere large enough make the latter mean value 
as small as we please. Hence C is not altered by a displacement 
of the centre of the sphere parallel to a In the same way we 
see that C is not altered by a displacement parallel: to y or z; 
t.e. it is absolutely constant. 

If the internal boundaries be such that the total flux across 
them is zero, e.g. if they be the surfaces of solids, or of portions 
of incompressible fluid whose motion 1s rotational, we have M =0, 
so that the mean value of h over any spherical surface enclosing 
them all is the same. 


47. (a) If be constant over the boundary of any simply- 
connected region occupied by liquid moving irrotationally, it has 
the same constant value throughout the interior of that region. 
For if not constant ıt would necessarily have a maximum or a minl- 
mum value at some point of the region. 


Otherwise: we have seen in Arts, 42, 44 that the stream-lines `. 


cannot begin or end at any point of the region, and that they 
cannot form closed curves lying wholly within it. They must 
therefore traverse the region, beginning and ending on its bound- 
ary. In our case this is however impossible, for a stream-line 
always proceeds from places where œ is less to places where it is 
greater, whereas ¢ is, by hypothesis, constant over the boundary. 
Hence there can be no motion, 2.é. 


7a 


da °’ dy’ dz 
and therefore $ is constant and equal to its value at the boundary. 


applies are ‘reconcileable’ (in a sense analogous to that of Art. 41) with one 
another. 

* This step is taken from Kirchhoff, Vorlesungen tiber Math. Physik. Mechanik, 
p. 191. 
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(8) Again, if oe be zero at every point of the boundary of 


such a region as 18 ao described, @ will be constant throughout 


z 


the interior. For the condition 7 = 0, expresses that no stream- 


lines enter or leave the region, a that they are all contained 
within it. This 1s however, as we have seen, inconsistent with 


the other conditions which the stream-lines must conform to. 
Hence, as before, there can be no motion, and ¢ is constant. 


This theorem may be otherwise stated as follows: no irrota- / 
tional motion of a liquid can take place throughout a simply- 


connected region bounded entirely by fixed rigid walls. —_— 








(y) Again, let the boundary of the region considered consist 
partly of surfaces S over which ¢ has a given constant value, and 
dh _ 
dn 


argument, no stream-lines can pass from one point to another of Ð, 


and none can cross È}. Hence no stream-lines exist; ‘is there- 
fore constant as before, and equal to its value at S. 


partly of other surfaces & over which 4- =0. By the previous 


48. Recalling the dynamical interpretation of ¢ given in Art. 
26, we see that the first theorem of Art. 47 asserts that a uniform 
impulsive pressure applied to the boundary of a liquid mass pro- 
duces no motion. This is otherwise obvious. 


A non-uniform impulsive pressure applied to the boundary of 


the mass will of course generate some definite motion. Further, 
it appears highly probable that this motion will be everywhere 


finite and continuous throughout the mass; although if this be 
the case right up to the boundary, it 1s necessary that the 
given surface-value of the impulsive pressure should be continuous, 
and should also have its rate of variation from point to point of 
the boundary everywhere finite and continuous. We are thus led 
to the following analytical theorem: 


(a) There exists a single-valued function ¢ which satisfies the 


equation y’¢ =0 at every point of a finite region of space, which 
is with its first derivatives finite and continuous throughout that 


region, and which has a given arbitrary value at every point of 
the boundary. If the finiteness and continuity of ¢ hold up to the 
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boundary, the arbitrarily given surface-value must, with its rate 
of variation from point to point, be finite and continuous, ° 


Again, let us consider a mass of liquid initially at rest and 
enveloped by a perfectly smooth flexible membrane which it just 
fills; and let us suppose that every point of the membrane is 


suddenly moved with a given normal velocity e. which must of 


dn 
course satisfy the condition | | Tn dS =0, where the integration 


extends over the whole membrane. Since some definite motion of 
the mass must ensue, we are led, on the same kind of evidence as 
before, to the following analytical theorem ; 


(8) There exists a single-valued function œ which satisfies 
the equation y'¢ = 0 at every point of a given region, which is with 
its first derivatives finite and continuous throughout that region, and 
which has at every point of the boundary its rate of variation k 


in the direction of the normal equal to a given arbitrary value, 
subject to the condition | | dS =0. If the finiteness and con- 


tinuity of ¢ and its derivatives hold right up to the boundary, the 
do 
dn 


given surface-values of —= must be continuous. See Art. 84. 


(y) Lastly, combining the two modes of genesis of motion 
described above, we are led to enunciate the theorem that a single- 
valued function ¢ exists which satisfies yd =0 at all points of a 
given region, which is with its first derivatives finite and continuous 
throughout the region, and which has a given arbitrary value over 
one part of the boundary and gives an assigned arbitrary value of 


do 


PA over the rest of the boundary. 


49. The physical considerations adduced in support of the above 
theorems are due to Thomson*, ‘The theorem (a) was originally 
stated by Greeny, and based by him on electrical considerations. 
An analytical proof, couched however in the language of the 


* Reprint of Papers on Electrostatics and Magnetism, Article xxv1H. 
T An essay on Electricity and Magnetism (1828), $ 5. 
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theory of Attractions, was first given by Gauss (l.c. Art. 46). 
Another method of proof, purely analytical in form, and applicable 
to theorems (8) and (y) as well, was given by Thomson*® in 1848. 
As this method is not free from difficulty, it 1s not reproduced 
here. It is however perfectly easy to shew analytically that in 
theorems (a) and (y) of Art. 48 $ is completely determinate, 1.e. 


that there is only one function satisfying the conditions stated, 
and that in (8) ¢ is determinate save as to an additive constant. 


In the first place, if ¢,, 6, $, &c. be velocity-potentials of 
possible states of motion throughout any given region, then 


p = A Q + A,d¢, + Ad, + &c., 


where A, A,, A,, &c. are any constants, is the velocity-potential 
of a possible state of motion (throughout the region). This 
follows from the linearity of (10). 


Now, if possible, let there be two single-valued functions 
$.. $, each satisfying the conditions of (a) with respect to any 
region. Then ¢,— ¢, satisfies (10) throughout this region and is 
zero at every point of the boundary. It is therefore, by Art. 47, 
zero throughout; 1.¢., $, $, are identical. 


Again, if it be possible, let ¢,, ¢, be two single-valued functions 
each satisfying the conditions of (@) with respect to any region. 


Then ¢, — ¢, satisfies (10) throughout this region, and makes 


d 
Jy \P1 — Pa) = 9 


all over the boundary. Hence by Art. 47 we have ¢ —4, 
constant throughout the region; and therefore the motion, which 
is determined by the derivatives of œ, is the same in each case. 


Lastly, if ¢,, 6, be two single-valued functions satisfying the 
conditions of (y), 1t 18 seen in the same way that we must have 


$,— $, = 9. 


50. A class of cases of great importance, but not strictly in- 
cluded in the scope of the foregoing theorems, are those where the 


region occupied by the liquid extends to infinity, but is bounded 
internally by one or more closed surfaces. We assume, for the 


* See Reprint, Article xır. Also Thomson and Tait, Natural Philosophy, 
Appendix A (d). This method is often attributed by German writers to Dirichlet. 
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present, that this region is simply-connected, and that ¢ is there- 
fore single-valued. 


If ġ be constant over the internal boundary of the region, and 
tend everywhere to the same constant value at an infinite distance 
from the internal boundary, it 1s constant throughout the region. 
For otherwise @ would be a.maximum or a minimum at some 
point of the region. 


We infer, exactly as in Art. 49, that if d be given arbitrarily 
over the internal boundary, and have a given constant value at 


infinity, its value is everywhere determinate. 


Of more importance in our present subject is the theorem that 
if the normal velocity — = z be zero at every point of the internal 


boundary, and if the net be at rest at infinity, then ¢ is every- 
where constant. We cannot however infer this at once from the 
proof of the corresponding theorem in Art. 47. It is true that we 


may suppose the region limited externally by an infinitely large 


s 


surface at every point of which is infinitely small; but it 1s 


conceivable that the integral | [5 8 dS taken over a portion of this 


surface might be finite, in which case the investigation referred to 
would fail. We proceed, therefore, somewhat indirectly, as follows. 


51. Since the velocity tends to the limit zero at an infinite 
distance from the internal boundary (S, say), it must be possible 


to draw a closed surface %, completely enclosing S, beyond which 
the velocity 1s everywhere less than a certain small value e, which 


value may, by making & large enough, be made as small as we 
please. Now in any direction from S let us take a point P at such 
a distance beyond & that the solid angle which & subtends at it is 
infinitely small; and with P as centre describe two spheres, one 
just excluding, the other just including ©. We shall prove that 
the mean value of $ over each of these spheres is, within an 
infinitely small amount, the same. For if Q, Q be points of 
these spheres on a common radius PQQ’, then if Q, @ fall within 
2, the corresponding values of ¢ may differ by a finite amount; 

but since the portion of either spherical surface which falls whia 
2 is an infinitely small fraction of the whole, no finite difference 
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in the mean values can arise from this cause. On the other hand, 
when Q, Q’ fall without 2, the corresponding values of ¢ cannot 
differ by so much as e. QQ, for e is by definition a superior limit 
to the rate of variation of œ. Hence, the mean values of ¢ over 
the two spherical surfaces must differ by less than e. QQ’. Since 
QQ’ is finite, whilst e may by taking & large enough be made as 
small as we please, the difference of the mean values may, by 
taking P sufficiently distant, be made infinitely small. 


Now we have seen in Art. 46 that the mean value of $ over 
the inner sphere is equal to its value at P, and that the mean 
value over the outer sphere is (since M= 0) equal to a constant 
quantity C. Hence, ultimately, the value of $ at infinity tends 
everywhere to the constant value C. 


The same result holds even if the normal velocity = be not 


zero over the internal boundary; for in the theorem of Art. 46 
M is divided by r, which is in our case infinite. 


52. The theorem stated at the end of Art. 50 is now obvious. 
For, under the conditions there stated, no stream-lines can begin 
or end on the internal boundary. Hence, any stream-lines which 
exist must come from an infinite distance, traverse the region, and 
pass off again to infinity; 2.e. they perform infinitely long courses 
between places where ¢ has, within an infinitely small amount, the 
same value C, which is impossible. Hence no stream-lines exist, 
or in other words there is no motion. 


We derive, exactly as in Art. 49, the important theorem that 
if ot be given at every point of the internal boundary, and if the 
velocity be zero at infinity, the motion is everywhere determinate. 


53. Before discussing the properties of irrotational motion in 
multiply-connected regions we must examine more in detail the 
nature and classification of such regions. In the following synopsis 
of this branch of the geometry of position we recapitulate for the 
sake of completeness one or two definitions already given. 


On Multiply-Connected Regions. 


We consider any connected region of space, enclosed by bound- 
aries. A region is ‘connected’ when it is possible to pass from 
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any one point of it to any other by an infinity of paths, each of 
which lies wholly in the region. 


Any two such paths, or any two circuits, which can by continu- 
ous variation be made to coincide without ever passing out of the 
region, are said to be ‘mutually reconcileable.’ Any circuit which 
can be contracted to a point without passing out of the region is 
said to be ‘evanescible. Two reconcileable paths, combined, form 
an evanescible circuit. If two paths or two circuits be reconcile- 
able, 1t must be possible to connect them by a continuous surface, 
which lies wholly within the region, and of which they form the 
complete boundary; and conversely. 


It is further convenient to distinguish between ‘simple’ and — 
‘multiple’ non-evanescible circuits, A ‘multiple’ circuit is one 
which can by continuous variation be made to appear, in whole or 
in part, as the repetition of another circuit a certain number of 
times. <A ‘simple’ circuit is one with which this is not possible. 
There is no distinction between simple and multiple evanescible 
circuits. 


A ‘barrier, or ‘diaphragm,’ is a surface drawn across the 
region, and limited by the line or lines in which it meets the 
boundary. Hence a barrier is necessarily a connected surface, and 
cannot consist of two or more detached portions. 


A ‘simply-connected ’ region is one such that all paths joining 
any two points of it are reconcileable, or such that all circuits 
drawn within it are evanescible. 


A ‘doubly-connected’ region is one such that two irreconcileable 
paths, and no more, can be drawn between any two points A, B of 
it; viz. any other path joining AB ıs -reconcileable with one of 
these, or with a combination of the two taken each a certain 
number of times. In other words, the region is such that one 
(simple) non-evanescible circuit can be drawn in it, whilst all other 
circuits are either reconcileable with this (repeated, if necessary), 
or are evanescible. As an example of a doubly-connected region 
we may take that enclosed by an anchor-ring, or that external to 


such a ring and extending to infinity. 


Generally, a region such that n irreconcileable paths, and no 
more, can be drawn between any two points of it, or such that n — 1 
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(simple) 1rreconcileable non-evanescible circuits, and no more, can 
be drawn in it, 1s said to be ‘n-ply-connected.’ 


The shaded portion of Fig. 3, Art. 40, 1s a triply-connected space 
of two dimensions. 


It is shewn in note (B) that the above definition of an n-ply- 
connected space is self-consistent. In such simple cases as n = 2, 
n = 2, this is sufficiently obvious without demonstration. 


54, Let us suppose, now, that we have an n-ply-connected 
region, with n—1 simple independent non-evanescible circuits 
drawn in it. It is possible to draw a barrier meeting any One of 
these circuits in one point only, and not meeting any of the n — 2 
remaining circuits*. A barrier drawn in this manner does not de- 
stroy the continuity of the region, for the interrupted circuit remains 
as a path leading round from one side of the barrier to the other. 
The order of connection of the region is however reduced by unity ; 
for every circuit drawn in the modified region must be reconcileable 
with one or more of the n — 2 circuits not met by the barrier. 


A second barrier, drawn in the same manner, will reduce the 
order of connection again by one, and so on; so that by drawing 
n — 1 barriers we can reduce the region to a simply-connected one. 


A simply-connected region is divided by a barrier into two 
separate parts; for otherwise it would be possible to pass from a 
point on one side the barrier to an adjacent point on the other side 
by a path lying wholly within the region, which path would in the 


original region form a non-evanescible circuit. 


Hence in an n-ply-connected region it is possible to draw n — 1 
barriers, and no more, without destroying the continuity of the 
region. We might, if we had so chosen, have taken this property 
as the definition of an n-ply-connected space. We leave it as an 
exercise for the student to prove that this definition is free from 
ambiguity, and that it 1s equivalent to the former one. 


Trrotational Motion in Multiply-connected Spaces. 


55. The circulation is the same in any two reconcileable cir- 
cuits ABCA, A'B CA’ drawn in a region occupied by fluid moving 


* In simple cases this is obvious. For a general proof see note (B). 


L. 4 
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irrotationally. For the two circuits may be connected by a con- 
tinuous surface lying wholly within the region; and if we apply 
the theorem of Art. 40 to this surface, we have, remembering the 
rule as to the direction of integration round the boundary, 


I (ABCA) +I (A'C'B'A) =0, 
or I (ABCA) =I(A'B'C'A’. 


If a circuit ABCA be reconcileable with two or more circuits 


A BCA’, A” BCA”, &c., combined, we can connect all these cir- 


cuits by a continuous surface which lies wholly within the region, 
and of which they form the complete boundary. Hence 


T(ABCA) +1 (A'O' BA’) +1(A" C"B' A") + &e. =0, 
or I (ABCA) = I (A'B'Œ' A) + I (4" BO" A’) + &e.; 


i.e. the circulation in any circuit is equal to the sum of the cir- 
culations in the several members of any set of circuits with which 


it is reconcileable. 


Let the order of connection of the region be n+1, so that n 
independent simple non-evanescible circuits a,,q@,,...a, can be 
drawn in it; and let the circulations in these be x, x,,...«,, respect- 
ively. The sign of any « will of course depend on the direction of 
integration round the corresponding circuit; let the direction in 
which « is estimated be called the positive direction in the circuit. 


The value of the circulation in any other circuit can now be found 
at once. For the given circuit is necessarily reconcileable with - 


some combination of the circuits a,, a,,...a,; say with a, taken p, 
times, a, taken p, times and so on, where of course any p is nega- 


tive when the corresponding circuit is taken in the negative 
direction. The required circulation then is 


Since any two paths joining two points A, B of the region 
together form a circuit, it follows that the values of the flow in 


the two paths differ by a quantity of the form (14), where, of 
course, in particular cases some or all of the p’s may be zero. 
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56. Let be the flow from a fixed point A to a variable point 
P, viz. 


p= | (ude + ody + wd) oer (15). 


So long as the path of integration from A to P is not specified, ¢ 
is indeterminate to the extent of a quantity of the form (14). 


If however n barriers be drawn in the manner explained in 
Art. 54, so as to reduce the region to a simply-connected one, 
and if the path of integration in (15) be restricted to lie within 
the region as thus modified (7.e. it is not to cross any of the 
barriers), then ¢ becomes a single-valued function, as in Art. 42. 
It is continuous throughout the modified region, but its values 
at two adjacent points on opposite sides of a barrier differ by 
+ x. To derive the value of p when the integration is taken along 
any path in the unmodified region we must add the quantity 
(14), where any p denotes the number of times this path crosses 
the corresponding barrier. A crossing in the positive direction of 
the circuits interrupted by the barrier is here counted as positive, 


a crossing in the opposite direction as negative. 


By displacing P through an infinitely short space parallel to 
each of the co-ordinate axes in succession, we find 


so that œ satisfies the definition of a velocity-potential, Art. 22. 
It is now however a many-valued or cyclic function; 1.¢. it is 
not possible to assign to every point of the original region a de- 
finite value of $, such values forming a continuous system. On 


the contrary, whenever P describes in the region a non-evanescible 
circuit, œ will not, in general, return to its original value, but 
will differ from it by a quantity of the form (14). The quantities 
K, K.K are called by Thomson the ‘cyclic constants’ of œ. 


57. The foregoing theory is illustrated by Ex. 4, Art. 35. 
The formule there given make the velocity infinite at points on 
the axis of z, which must therefore be excluded from the region to 


which our theorems apply. This region becomes thereby doubly- 
connected, for we can connect any two points A, B of it by two 


4—2 
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irreconcileable paths passing on opposite sides of the axis, e.g. 
ACB, ADB in the figure. The portion of the plane zx for which 


Fig. 4, 


Ç A 


D 


æ 18 positive may be taken as a barrier, and the region is thus 
made simply-connected. The circulation in any circuit meeting 
2 
this barrier once only, e.g. in A CBDA, is | Prd, or 2p. That 
| r 


0 
in any circuit not meeting the barrier is zero. In the modified 


region @ may be put equal to a single-valued function, viz. „ð, 
but its value on the positive side of the barrier is zero, that at an 
adjacent point on the negative side is 2mp. 


More complex illustrations of irrotational motion in multiply- 
nected spaces will present themselves in.the next chapter. 


58. Before proceeding further we may briefly indicate a some- 
what different method of presenting the above theory. 


Starting from the existence of a velocity-potential as the 
characteristic of the class of motions which we wish to study, and 
adopting the second definition of an n+1-ply-connected region, 
given in Art. 54, we remark that in a simply-connected region 
every equipotential surface must either be a closed surface, or 
else form a barrier dividing the region into two separate parts. 
Hence, supposing the whole system of such surfaces drawn, we see 
that 1f a closed curve cross any given equipotential surface once it 
must cross it again, and in the opposite direction. Hence, cor- 
responding to any element of the curve, included between two 
consecutive equipotential surfaces, we have a second element such 
that the flow along it, being equal to the difference between the 
corresponding values of ¢, 18 equal and opposite to that along the 
former; so that the circulation in the whole circuit 1s zero. 


If however the region be multiply-connected, an equipotential 
surface may form a barrier without dividing it into two separate 
parts. Let as many such surfaces be drawn as it is possible to draw 
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without destroying the continuity ofthe region. The number of 


these cannot, by definition, be greater than n. Every other equi- 
potential surface which is not closed will be reconcileable (in an 
obvious sense) with one or more of these barriers. A curve drawn 
from one side of one of these barriers round to the other, without 


meeting any of the remaining barriers, will cross every surface 
reconcileable with it an odd number of times, and every other sur- 


face an even number of times. Hence the circulation in the cir- 
cuit thus formed will not vanish, and ¢ will be a cyclic function. 


In the method adopted above we have based the whole theory 
on the equations 


and have deduced the existence and properties of the velocity- 
potential in the various cases as necessary consequences of these. 


In fact, Arts. 41, 42, and 53—56, may be regarded as a treatise on 
the integration of this system of differential equations. 


The integration of (16), when we have, on the right-hand side, 
instead of zero known functions of <, y, z, will be treated in 
Chapter VI. 


59. Ifthe density of the fluid be either constant or a function 
of the pressure only, and if the external impressed forces have a 
single-valued potential, the cyclic constants of @ do not alter with 


the time. For if ¢, be the initial value of the velocity-potential, 
we have, Art. 23, 


b= G+ Xx, 
where, Art. 19 (25), 


Under the circumstances stated y 1s a single-valued function, and 


the cyclic constants of ¢ are the same as those of ¢, In other 
words the circulations in the several circuits of the region occupied 


by the fluid are constant. 
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This is otherwise evident from Art. 25 (3), which shews that 
F 


is single-valued, and that therefore the cyclic constants of ¢ġ 


«not alter. 


In Examples 5 and 6, Arts. 36, 37, we had instances to which 
the above result is not applicable; the reason being that in Ex. 5 
the external forces have not a potential, whilst in Ex. © their 


potential is itself a cyclic function. 


60. Proceeding now, as in Art. 43, to the particular case of 
an incompressible fluid, we remark that whether ¢ be many-valued 


or not, its first derivatives oh S dh and therefore all the 


dæ? dy’ dz 


higher derivatives, are essentially single-valued functions, so that 
d will still satisfy the equation of continuity 


and the equivalent form 


where the surface-integration extends over the whole boundary of 
any portion of the fluid. 


In the theorems of Arts. 45 and 46 the spaces to which (11) 
is applied are simply-connected, so that it 1s allowable to suppose 
® single-valued throughout them even when the region of which 
they form a part is multiply-connected. On this understanding 
the theorems in question still hold when ¢ is a cyclic function. 


The theorem (a) of Art. 47, viz. that $ must be constant 
throughout the interior of any region at every point of which (10) 
is satisfied if it be constant over the boundary, still holds when the 
region 1s multiply-connected. For d, being constant over the 
boundary, is necessarily single-valued. 


The remaining theorems of Art. 47, being based on the assump- 
tion that the stream-lines cannot form closed curves, are however 
no longer exact. We must introduce the additional condition that 
the circulation is to be zero in each circuit of the region. 
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The theorems of Art. 48 also call for modification. The proper 
extension of (8) is as follows: 


G1. <A function ¢ exists which satisfies (10) throughout a given 


n + 1-ply-connected region, which has any given cyclic constants 


K, Ka, +. K, corresponding to the n independent non-evanescible cir- 


cuits capable of being drawn in the region, and which 1s such that its 


rate of variation mi in the direction of the normal has a given value 
at every point of the boundary. These arbitrary values of hs must 


dn 
of course fulfil the condition | (ce ap dS = 0. 


dn 


We follow Thomson in marshalling the following physical consi- 
derations in support of this theorem. Let us suppose the region oc- 


cupied by incompressible fluid of unit density enclosed in a perfectly 


smooth and flexible membrane. Further, let n barriers be drawn, 
as in Art. 54, so as to reduce the region to a simply-connected one, 
and let their places be occupied by similar membranes, infinitely 
thin, and destitute of inertia. The fluid being initially at rest, let 
each element of the first-mentioned membrane be suddenly moved 


inwards with the given (positive or negative) normal velocity — ef, 


whilst uniform impulsive pressures K, K,,...«, are swelled Úr 
the positive sides of the respective barrier-membranes. Some 
definite motion of the fluid will ensue; characterized by the follow- 


ing properties : 
(a) Itis irrotational, being generated from rest; 


(b) The normal velocity at every point of the original bound- 
ary has the assigned value ; 


(c) The values of the impulsive pressure, and therefore of the 
velocity-potential, at two adjacent points on opposite sides of a 
barrier-membrane, differ by the corresponding value of «, which 1s 


constant over the barrier ; 
(d) The motion on one side of a barrier is continuous with 
that on the other. 


To prove the last statement we remark, first, that the velocities 
normal to the barrier at two adjacent points on opposite sides of it 
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are the same, being each equal to the normal velocity of the 
adjacent portion of the membrane. . Again, if P, Q be two con- 
secutive points on a barrier, and if the corresponding values of ¢ 
be on one side dp, da, and on the other ¢’p, $Q, we have, by (c) 


$r- p'r =r = ho- EQ 
or Po- r= pR- r, 
1.€., if PQ = ds, 
dp do 


lS) 


ds ds` 





Hence the tangential velocities at two adjacent points on opposite 
sides of a barrier also agree. If then we suppose the barrier- 
membranes to be liquefied immediately after the impulse, we 
obtain a state of irrotational motion satisfying the conditions 
stated at the head of this article*. 


62. It is easy to shew analytically that the said conditions 
completely determine qd, save as to an additive constant. For, if 
possible, let there be two functions ¢,, $, each satisfying the 
conditions. Since $, ¢, have the same cyclic constants, $ = ¢, — ¢, 
is a single-valued function, which moreover satisfies (10) through- 
out the region, and makes z = 0 at every point of the boundary. 
Hence Art. 47 (8) applies, and shews that ¢ is constant. 


Hence the irrotational motion throughout an n + 1-ply-con- 
nected space is determinate when we know the value of the normal 
velocity at every point of the boundary, and also the value of the 
circulation in each of the m independent circuits which can be 
drawn in that space. 


The following theorem, which now replaces that of Art. 52, is 
proved in like manner. 


The irrotational motion through an n + 1-ply-connected region 
extending to infinity, but limited internally by one or more closed 
surfaces, 1s made fully determinate by the following conditions: 


* The modifications necessary in theorems (a) and (y) of Art. 48 are passed 
over, as of little interest in our present subject. 
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(a) The normal velocity has a prescribed value at every point 
of the internal boundary ; 


(b) The circulations in the n independent circuits of the 
region have prescribed values; and 


(c) The velocity vanishes at an infinite distance from, the 
internal boundary. 


If, for instance, we have an anchor-ring moving in an infinite 
mass of liquid which is at rest at infinity, the irrotational motion 
of the fluid at any instant is determinate when we know the motion 
of the ring (and therefore the velocity of every element of its 
surface normal to itself), and also the value of the circulation in 
any circuit embracing it. 


63. The theory of multiple continuity seems to have been 
first developed by Riemann *, for spaces of two dimensions, & propos 
of his researches on the theory of functions of a complex variable, 
in which connection also cyclic functions satisfying the equation 

d'o d'p — 


da? + dy ~° 





through multiply-connected regions present themselves. 


The bearing of the theory on Hydrodynamics, and the existence 
in certain cases of many-valued velocity-potentials were first pointed 
out by Helmholtzt. The subject of cyclic irrotational motion in 
multiply-connected regions was afterwards taken up and ‘fully 
investigated by Sir W. Thomson in his paper on vortex-motion 
already referred to. 


Greens Theorem. 


64. In treatises on Electrostatics, &c., many important pro- 
perties of the potential are usually proved by means of a certain 
theorem due to Green}. Of these the most interesting from our 
present point of view have been already given; but as the theorem 


_ * Lehrsätze aus der Analysis Situs. Crelle, t. 54. 1857. 
t Crelle, t. 55. 1858. 
+ An essay on Electricity and Magnetism, g 3. 
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in question leads to a useful expression for the kinetic energy in 
any case of irrotational motion, we give the following proof of 1t. 


Let u, v, w, $ be any functions which are finite, continuous, 
and single-valued at all points of a connected region S completely 
bounded by one or more closed surfaces; let dS be an element of 
any one of these surfaces, l, m, n the direction-cosines of the normal 
to it drawn inwards. We shall prove that 











= - [I (S a Ma le Zg dxdydz...(17), 


where the double-integral is taken over the whole boundary of ©, 
and the triple-integral throughout its interior. 


If we conceive a series of surfaces drawn so as to divide S into 
any number of separate parts, the integral 


taken over the boundary of S, is equal to the sum of the similar 
integrals taken each over the whole boundary of one of these parts. 
For, for every element do of a dividing surface, we have, in the 
integrals corresponding to the parts lying on the two sides of this 
surface, elements ¢(lu+mu+nw) do, and ¢ ('u+mv+nw) do, 
respectively. But the normals to which J, m, n, V,m’, n refer being 
drawn inwards in each case, we have l =—l, m =—™m, n'’=—n; 
so that in forming the sum of the integrals spoken of the elements 
due to the dividing surfaces disappear, and we have left only those 
due to the original boundary of 8. 


Now let us suppose the dividing surfaces to consist of three 
_ infinite series of planes parallel to yz, zx, xy, respectively. Let 
x, Y, z be the co-ordinates of the centre of one of the rectangular 
spaces thus formed, dz, dy, dz the lengths of its edges, and let us 


calculate the value of (18) taken over the boundary of this space. 
As in Art. 8 the part of the integral due to the yz-face nearest the 


origin 1s ($u —4 cou dz) dydz, and that due to the opposite face 
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is — ( + 4 Tor dx ) dydz. The sum of these is ——, '— dx dy dz. 


Calculating in the same way the parts of the integral due to the 
remaining pairs of faces, we get for the final result 











Hence (17) simply expresses the fact that the surface-integral (18), 
taken over the boundary of S, is equal to the sum of the similar 
integrals taken over the boundaries of the elementary spaces of 
which we have supposed S built up. 


We may interpret (17) by regarding u, v, w as the component 
velocities of a continuous system of points filling the region S, and 


supposing @ to represent some property (estimated per unit 
volume) which they carry with them in their motion. The surface- 


integral on the left-hand side of (17) expresses then the amount 


of @ which enters S in unit time across its boundary; whilst the 
above investigation shews that (19) expresses the rate at which 


the property ¢ is being accumulated in the elementary space 
dxdydz. The theorem then asserts that the total increase of @ 
within the region is equal to the influx across the boundary. A 


particular case is where u, v, w are the component velocities of a 
fluid filling the region, and ¢ is put =p, the density. See Art. 12. 


Corollary 1. Let 6=1; the theorem becomes 


[| @u+mv + nw) dS= -SF It +O) dedyd. 


If u, v, w be the component velocities of a liquid filling the region 
S, the right-hand side of this equation vanishes, by the equation 


of continuity; so that 


ff (Cu + mo + NW)AS = Q.e. (20), 


which expresses that as much fluid leaves the region as enters it. 


Corollary 2. Let u, v, wa, eG i oy , respectively, where 


vr is a function which, with its first een coefficients, 1s 
finite and continuous throughout S. Then 
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dy 


lu + mu + nw =, 


where dn is an element of the inwardly-directed normal to the 
surface of ©. Substituting in (17) and performing the differentia- 


tions indicated, we find 


e m18- [Il (E t + h ay d ae) Pwi 


By simply interchanging ¢ and Wẹ we obtain (provided yy be single- 
valued), 


fotos (CSB Bao 


Equations (21) and (22) together constitute Green’s theorem. 


Corollary 3. In (21) let d be the velocity-potential of a liquid, 


and let w= 1; we find, since v 6=0, 
a 


which is in fact what (20) becomes for the case of irrotational 
motion. Compare Art. 44. 


Corollary 4. In (21) let ~=¢, and let ¢ be the velocity- 
potential of a liquid. We obtain 


If we multiply this equation by 4p it becomes susceptible of a 
simple dynamical interpretation. On the right-hand side oe de- 


notes the normal velocity of the fluid inwards, whilst — Pe is, by 
Art. 26, the impulsive pressure necessary to generate the actual 
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motion. It is a proposition in Dynamics* that the work done by 
an impulse is measured by the product of the impulse into half 


the sum of the initial and final velocities, resolved in the direction 
of the impulse, of the point to which it 1s applied. Hence the 


right-hand side of (24) when modified as described, expresses the 


work done by the system of impulsive pressures which, applied to 
to the surface of S, generate the actual motion; whilst the left- 
hand side gives the kinetic energy of this motion. The equation 
(24) asserts that these two quantities are equal, thus verifying for 


our particular case the principle of energy. 


Hence ıf T denote the total kinetic energy of the liquid, we 
have 


| 2T = — p || p aS- (25). 


Corollary 5. In (24) instead of ¢ let us write which will of 


course satisfy (10) as $ does; and let us apply the resulting theorem 
to the region included within a spherical surface of radius r having 


any point (x, y, z) as centre. With the same notation as in Art. 46; 
we have 











an essentially positive quantity. Hence, writing g =u +v +w, 


all d 


is positive; 2.e. the mean value of g, taken over a sphere having 
any point as centre, increases with the radius of the sphere. Hence 
q cannot be a maximum at any point of the fluid, as was otherwise 


proved in Art. 45. 


65. We shall require to know, hereafter, the form assumed by 
the expression (25) for the kinetic energy when the fluid extends 


* Thomson and Tait, Natural Philosophy, Art. 308. 
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to infinity and is at rest there, being limited internally by one or 
more closed surfaces ©. Let us suppose a large closed surface = 
described so as to enclose the whole of S. The energy of the fluid 
included between S and & is 


-3p |[ $e as—4o [| Stas. sbabeunayanvaness (26), 


where the integration in the first term extends over S, that in the 
second over } Since we have by (11) 


dd d rs 
o Nae 8+] =o 
(26) may be written 


-4p [f-0) Pas—4p [6-0 SP a8... EN, 


where C may be any constant, but is here supposed to be the 
constant value to which ¢ was shewn ın Art. 51 to tend at an 
infinite distance from S. Now the whole region occupied by the 
fluid may be supposed made up of tubes of flow, each of which 
must pass either from one point of the internal boundary to an- 
other, or from that boundary to infinity. Hence the value of the 


integral 


taken over any surface, open or closed, finite or infinite, drawn 
within the region, must be finite. Hence ultimately, when È is 
taken infinitely large and infinitely distant all round from 4, the 
second term of (27) vanishes, and we have 


where the integration extends over the internal boundary only. 


If the total flux across the internal boundary be zero, we have 


so that (28) becomes 


simply. 
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Thomson's Extension of Green's Theorem. 


66. It was assumed in the proof of Green’s Theorem that œ 
and Wr were both single-valued functions. If either be a cyclic 
function, as may be the case when the region to which the inte- 
grations in (21) and (22) refer is multiply-connected, the statement 
of the theorem must be modified. Let us suppose, for instance, 
that ¢ is cyclic; the surface-integral on the left-hand side of (21), 
and the second volume-integral on the right-hand side, are then 
indeterminate, on account of the ambiguity in the value of ¢ itself. 
To remove this ambiguity, let the barriers necessary to reduce 
the region to a simply-connected one be drawn, as explained in 
Art. 54. We may suppose such values assigned to œ that it shall 


be continuous and single-valued throughout the region thus mod1- 
fied (Art. 56); .and equation (21) will then hold, provided the two 


sides of each barrier be reckoned as part of the boundary of the 
region, and therefore included in the surface-integral on the 
left-hand side. Let do, be an element of one of the barriers, æ, the 


a 


cyclic constant corresponding to that barrier, ~ the rate of varia- 


tion of p in the positive direction of the naan to dc, Since, 
in the parts of the surface-integral due to the two sides of 


Ty Tn is to be taken with opposite signs, whilst the value of & 


on the negative side exceeds that on the positive side by x,, we 
get finally for the element of the integral due to de the value 


Hence (21)- becomes, in the altered circumstances, 


where the surface-integrations indicated on the left-hand side 
extend, the first over the original boundary of the region only, 
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and the rest over the several barriers. The coefficient of any « is 
evidently the total flux across the corresponding barrier, in a 
motion of which yy 1s the velocity-potential. The values of ¢ in 
the first and last terms of the equation are to be assigned in the 
manner indicated in Art. 56. | 


If a also be a cyclic function, having the cyclic constants 
K,,«,, &¢., then (22) becomes in the same way 


-| [vg EEE PEOIA (31). 


Equations (30) and (31) together constitute Thomson’s extension 
of Green's theorem. 


67. Ifin (80) we put = d, and suppose ¢ to be the velocity- 
potential of an — fluid, we find 


oroe if (i + (C2) +(e) ee 


= —p [f $5? a8 + pr, [[E do, + pr, SfE ao, +&c. ...(32). 


To interpret the last member of this formula we must recur to the 
artificial method of generating cyclic irrotational motion explained 


in Art. 61. The first term has already been interpreted as twice 
the work done by the impulsive pressure — pġ applied to every 
part of the original boundary of the fluid. Again, px, is the 
impulsive pressure applied, in the positive direction, to the in- 
finitely thin massless membrane by which the place of the first 
barrier was in Art. 61 supposed to be occupied; so that the 


expression 4 | | pK, . s: „20 denotes the work done by the impulsive 


forces applied to that San ; and soon. Hence (32) expresses 
the fact that the energy of the motion is equal to the work done 
by the whole system of impulsive forces by which we may suppose 
it generated. ` 
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In applying (32) to the case where the fluid extends to 
infinity and is at rest there, we must replace the first term of the 
third member by 


where the integration extends over the internal boundary only; 
or, when the total flux across this boundary is zero, by 


The proof is the same as in Art. 65. 


CHAPTER IV. 


MOTION OF A LIQUID IN TWO DIMENSIONS. 


68. IF the velocities u, v be functions of x, y only, whilst w 
is zero, the motion takes place in a series of planes parallel to zy, 
and is the same in each of those planes. The investigation of the 
motion of a liquid under these circumstances 1s characterized by 
certain analytical peculiarities; and the solutions of several pro- 


blems of great interest are readily obtained. 


Since the whole motion is known when we know that in the 
plane z=0, we shall confine our attention to the motion which 
takes place in that plane. When we speak of points and lines 
drawn in that plane, we shall in general understand them to re- 
present respectively the straight lines parallel to the axis of z, 
and the cylindrical surfaces having their generating lines parallel 
to the axis of z, of which they are the traces. | 


By the flux across any curve we shall understand the volume 
of fluid which in unit time crosses that portion of the cylindrical 


surface having the curve as base, which is included between the 
planes z= 0, z=1. 


69. Let A, P be any two points in the plane zy. The flux 
across any two lines joining AP is the same, provided they can be 
reconciled without passing out of the region occupied by the 
moving liquid; for otherwise the space included between these 
two lines would be gaining or losing. fluid. Hence if A be 
fixed, and P variable, the flux across any line AP is a 
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function of the position of P. Let ẹy be the function; more 


precisely, let . denote the flux across AP from left to right, as 
regards an observer -placed on the curve, and looking along it from 
A in the direction of P. Analytically, if l m be the direction- 
cosines of the normal (drawn to the nght) to any element ds of 


the curve, we have 


If the region occupied by the liquid be aperiphractic, W is 
necessarily a single-valued function, but in periphractic regions 
the value of W may depend on the nature of the path joining AP. 
For spaces of two dimensions however periphraxy and multiple- 
continuity become the same thing, so that the properties of +, 
when it is a many-valued function, in relation to the nature of 
the region occupied by the moving liquid, may be inferred from 
Arts. 55, 56, where we have discussed the same question with 


regard to ¢. 


The cyclic constants of W, when the region is periphractic, are 
the values of the flux across the closed curves forming the several. 
parts of the internal boundary. 


A change, say from A to B, of the point from which w is- 
reckoned has merely the effect of adding a constant, viz. the flux 
across a line BA, to the value of ~; so that we may, 1f we please, 
regard W as indeterminate to the extent of an arbitrary constant. 


If P move about in such a manner that the value of yr does 
not alter, ıt will trace out a curve such that no fluid anywhere 
crosses it, 7.e. a stream-line. Hence the curves ẹ\ = const. are the ` 
stream-lines, and W is called the ‘ stream-function.’ 


If P receive an infinitesimal displacement PQ (= dy) parallel 
to y, the increment of ẹ is the flux across PQ from left to right, 


1.6. dy =u. PQ, or 


_ ay 
a: aaan (2) 
Again displacing P parallel to x, we find in the same way 
__¢¥ 
v= alae (hee eeREh enka ee herseress (3) 
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The existence of a function W related to u and v in this 
manner might also have been inferred from the form which the 
equation of continuity takes in this case, viz. 


which is the analytical condition that uwdy—vdz should be an 
exact differential. 


The foregoing considerations apply whether the motion be 
rotational or irrotational. The formule for the component angular 


velocities, given in Art. 38, become 











— _ __4(¢yh ty | 

E=0, 7=0, =} (T+ 55) aaaea, (5); 
so that in irrotational motion we have 
d'y ap | 

aa? t dF Puteeseiacauceeniesspanvs (5a) 


70. In what follows we confine ourselves to the case of 
irrotational motion, which is, as we have already seen, character- 


ized by the existence, in addition, of a velocity-potential œ, 
connected with u, v by the relations 


and, since we are considering the motion of incompressible fluids 
only, satisfying the equation of continuity 





The theory of the function ¢, and the connection of its proper- 
ties with the nature of the two-dimensional space through which 
the irrotational motion holds, may be readily inferred from the 
corresponding theorems in three dimensions proved in the last 
chapter. The alterations, both in the enunciation and in the 
proof, which are requisite to adapt these to the case of two 
dimensions are for the most part purely verbal. An exception, 
which we will briefly examine, occurs however in the case of the 


theorem of Art. 46 and of those which depend on it. 


L 
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71. If ds be an element of the boundary of any portion of the 
plane xy which is occupied wholly by moving liquid, and 1f dr be 
an element of the normal to ds drawn inwards, we have, by 


Art. 44, 


the integration extending round the whole boundary. If this 
boundary be a circle, and if r, 0 be polar co-ordinates referred to 


the centre P of this circle as origin, the equation (8) may be 
written 


_ .rdé = 0, 
0 dr 
d [27 
Or Ee , hd0 = 0 
| 2m 
Hence the value of the integral E ddd, v.e. the mean-value of 
0 


$ over a circle of centre P, and radius 7, is independent of the 
value of 7, and therefore remains unaltered when 7 is diminished 


without limit, in which case it becomes the value of ¢ at P. 


If the region occupied by the fluid be periphractic, and we 
apply (8) to the space enclosed between one of the internal 
boundaries and a circle with centre P and radius r surrounding 
this boundary, and lying wholly in the fluid, we have 





where the integration in the first member extends over the circle 
only, and 27M denotes the flux into the region across the internal 
boundary. Hence } 





1.€. the mean value of ¢ over a circle with centre P and radius r 
is equal to Mlogr + C, where C is independent of r but may vary 
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with the position of P. This formula holds of course only so long 
as the circle embraces the same internal boundary, and lies itself 


wholly in the fluid. 


If the region be unlimited externally, and if the circle embrace 
the whole of the internal boundaries, and if further the velocity be 
everywhere zero at infinity, then C is an absolute constant; as is 
seen by reasoning similar to that of Art. 46. 


It may then be shewn, exactly as in Art. 51, that the value 
of ġ at a very great distance r from the internal boundary tends 
to the value Mlogr+C. In the particular case when M = 0 the 
limit to which ¢ tends at infinity is finite; in all other cases it 1s 
infinite, and of the same sign as M. 


We infer, as in Art. 52, that there is only one single-valued 
function œ which (a) satisfies the equation (7) at every point of 
the plane zy external to a given system of closed curves, (b) makes 


d 


the value of Tn equal to an arbitranly given quantity at every 


point of these curves, and (c) has its first differential coefficients 
all zero at infinity. 


72. The kinetic energy of a portion of fluid bounded by a 
cylindrical surface whose generating lines are parallel to the 
axis of 2, and two planes perpendicular to the axis of z at unit 
distance, is given by the formula 


where the surface-integral is taken over the portion of the 
plane zy cut off by the cylindrical surface, and the line-integral 
round the boundary of this portion. 


If the cylindrical part of the boundary consist of two or more 
separate portions one of which embraces all the rest, the enclosed 
region is multiply-connected, and the equation (10) needs a 
correction, which may be applied exactly as in Art. 66. 


If we attempt, by a process similar to that of Art. 65, to 
calculate the energy in the case where the region extends to 


infinity, we find that its value 1s infinite, except when M =0. 
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For if we introduce a circle of great radius r as the external 
boundary of the portion of the plane xy considered, we find that 
the corresponding part of the integral on the right-hand side of 


(10) tends, as r increases, to the value mpM (M log r + ČC), and is 
therefore ultimately infinite. The only exception 18 when M =0, 


in which case we may suppose the line-integral in (10) to extend 
over the internal boundary only. 


73. The functions $ and ¥ are connected by the relations 


These are the conditions that +2, where 7 stands for / —I, 
should be a function of the ‘complex’ variable æ +21y. For if 


we have 
dy "i + ir) =if (x + ty) =i 7> ($ + vp) IRA (13), 


whence, equating separately the real and the imaginary parts, we 
obtain (11). 


Hence any assumption of the form (12) gives a possible case of 
irrotational motion. The curves ¢ = const. are the curves of equal 
velocity-potential, and the curves w= const. are the stream-lines. 


Since, by (11), 


dp dy _ db ayy _ 
da dx ty dy 


we see that these two systems of curves cut one another at right 
angles, as we have already proved. See Art. 27. Since the rela- 
tions (11) are unaltered when we write — y for ¢, and œ for yf, - 
we may, 1f we choose, look upon the curves 4 = const. as the equi- 
potential curves, and the curves ¢ = const. as the stream-lines ; 
so that every assumption of the kind indicated gives us two 
possible cases of irrotational motion. 


74. The fundamental property of a function of a complex 


variable, from which all others flow, 1s that ıt has a differential 
coefficient with respect to that variable. If ¢, yr denote any 
functions whatever of x and y, then corresponding to every value 
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of «+ 2y there must be one or more definite values of A+ ap; but 
the ratio of the differential of this function to that of z+ ty, viz. 


or 





depends in general on the ratio dx : dy. The condition that it 
should be the same for all values of this ratio is : 


which is equivalent to (11). 


We may therefore take this property as the definition of a 
function of the complex variable «+ ty; viz. such a function must 
have, for every assigned value of the variable not only a definite 
value or system of values, but also for each of these values a 
definite differential coefficient. The advantage of this definition 
is that it is quite independent of the existence of an analytical 
expression for the function. 


The theory of functions of this kind has received considerable 
development at the hands of Cauchy, Riemann, and others; and 
has grown into an important branch of mathematical analysis. 
We give here only such elementary notions connected with the 
subject as are of immediate hydrodynamical interest*. 


75. We assume the student to be acquainted with the method 
of representing the symbol x+y by a vector drawn from the 


origin of rectangular co-ordinates to the point (a, y). 


In this method the sum of two vectors is defined to be the 
vector drawn from the origin to the opposite corner of the par- 


allelogram of which they form adjacent sides. 


The effect of multiplying one vector w+ iy by another a + ib 
is to increase its length in the ratio r : 1, and to turn it in the 


* The reader who wishes for an elementary exposition of the analytical theory 


may consult Durége: Elemente der Theorie der Functionen einer complexen veran- 
derlichen Grosse. 2nd ed., Leipzig, 1873. 
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positive direction (2.e. from x to y) through an angle 0, where 


b 


r= y (a° + b°), and @ is the least positive value of arc tan =. With 


respect to the expression æ +21b, r is called the ‘modulus, and @ 
the ‘amplitude.’ 


The meanings of subtraction and division of vectors follow at 
once from the considerations that they are the operations inverse 


- to those of addition and multiplication, respectively. 


With these conventions, the addition, multiplication, &c., of 
vectors are performed according to the same laws of operation as 
in common algebra. 


76. For shortness we denote the complex quantities ¢ + iv, 
and x+y by the letters w, and z, respectively. These symbols 
not. being required at present in their former meanings may 
without inconvenience have these new ones assigned to them. Then 
w being any function of z, according to the definition of Art. 74, 
we have corresponding to any point P of the plane xy (which we 
may call the plane of the variable 2) one or more definite values 
of w. -Let us choose any one of these, and denote it by a point P’ 
of which ¢, are the rectangular co-ordinates in a second plane 
(the plane of the function w). If P trace out any curve in the 
plane of z, P’ will trace out a corresponding curve in the plane 
of w. By mapping out the positions of P’ corresponding to the 
various points P of the plane xy, we may exhibit graphically all 
the properties of the function w. 


Let now Q be a point infinitely near to P, and let Q be the 
corresponding point infinitely near to P. We may denote PQ 
by dz, P'Q by dw. The vector P’Q’ may be obtained from the 
vector PQ by multiplying it by the differential coefficient = i 
whose value is by definition dependent only on the position of P, 


and not on the direction of the element dz (PQ). Now the effect 


of multiplying any vector by the complex quantıty n is to 


increase its length in some definite ratio, and to turn it in the 
positive direction through some definite angle. Hence, in the 


4 MOTION OF A LIQUID IN TWO DIMENSIONS. [CHAP. IV. 


transition from the plane of z to that of w, all the infinitesimal 
vectors drawn from the point P have their lengths altered in the 


same ratio, and are turned through the same angle. Hence any 
angle in the plane of z 1s equal to the corresponding angle in the 
plane of w, and any infinitely small figure in the one plane 1s 
similar to the corresponding figure in the other. In other words, 


corresponding figures in the planes of z and w are similar in their 
infinitely small parts. 


For instance, in the plane of w the straight lines b = const., 
vr = const., where the constants have assigned to them a series of 
values in arithmetical progression, the common difference being 


infinitesimal and the same in each case, form two systems of 
straight lines at right angles dividing the plane into infinitely 
small squares. Hence in the plane æy the corresponding curves 
$= const., yr =const., the values of the constants being assigned 
to them as before cut one another at right angles (as has already 
been proved otherwise) and divide the plane into a series of in- 
finitely small squares. 


The similarity of corresponding infinitely small portions of the | 
planes w and z breaks down at points where the differential 


coefficient mani is zero or infinite. Since =. "ii ser. the 
dz dz de’ dx 
corresponding value of the velocity, in the hydrodynamical ap- 


plication, 1s zero or infinity. 


77. The processes of differentiation and integration, as applied 
to functions of a complex variable, claim a little notice. 


The conditions (18) that w should be a function of z may be 
written 


a form which the student should interpret. Itis obvious that (14) 


dw 


is satisfied when = —— | is written for w, and Heelies that 
dz dx 
dw . 


T is itself a function of z. Hence all the derivatives of a function 


of a complex variable are themselves functions of that variable. 
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The meaning of the integral 


taken along any assigned path from z, to z, is defined as follows. 
Supposing the path divided into infinitesimal portions, we form 
the product wdz for each of them, and add the results. It is easily 
shewn that the value of the integral is to a certain extent inde- 
pendent of the nature of the path joining z, and z The theorem 
of Art. 40, when applied to a plane space (xy) becomes 


The double integral extends over any portion of the plane LY 


throughout which w and v are finite and continuous, and their first 
derivatives finite; whilst the single integral extends in the positive 


direction (see Art. 39) round the boundary of that portion. Now 
if we write u=w, v =w, it follows by (14) that f(wdæ + wdy), or 
fwdz, is zero when taken round the boundary of any portion of the 
plane xy throughout which w is finite and continuous, and its first 
- derivative finite. 


We infer, as in Art. 41, that the integral (15) is the same for 
any two paths joining 2, z,, so long as these paths do not include 
between them any points at which w is infinite or discontinuous, 





Any points at which these conditions are violated may be 
isolated by drawing an infinitely small closed curve around each. 
The rest of the plane xy then forms a multiply-connected region. 
The value of the integral fwdz taken round any evanescible circuit 
drawn in this region is zero; and the integral (15) is the same for 
any two reconcileable paths. The values of (15) corresponding 
to two irreconcileable paths differ by a quantity of the form 
DK HP Kat oeeo, Where Diy Possess are integers, and K,, Kyysssees 
denote the values of fwdz taken round the several circuits sur- 
rounding the above-mentioned points*. It is unnecessary to 


* In the analytical theory x,, «,,... are called the ‘moduli of periodicity’ of the 
integral (15). 
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dwell on the proof of these statements, or to enter more fully into 
the theory of many-valued integrals of the form (15); to do so 


would be to repeat, with merely verbal alterations, portions of 
Chapter III. 


The integral (15) is itself a function of z, according to the 
definition of Art. 74. For, denoting its value by Z, we have, 


aZ _ 
dz 


1.€. Z has a definite differential coefficient. 


obviously w, 


78. An important illustration of the above theory is furnished 
by the integral 


The only point at which the function 2”, or its derivative, is 
infinite or discontinuous, is the origin. Introducing polar co- 


ordinates, we write 


z= r (cos +isin l) ...cccccssseecceees (18), 
whence > = = A e EAA (19). 


Hence the value of (17) taken round an infinitely small circle 
having the origin as centre is 


© = fid0 = 2i. 


In the analytical theory above referred to, the logarithm of a 
complex quantity z is defined by the equation 


Hence log 2 is a many-valued function, the cyclic constant 
being 272. 


The properties of the logarithmic function readily follow from 


the definition (20). Thus if z,, z, be any two complex quantities 
we have 
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and therefore 


or log (2,2,) = log 2, + 10g Zg ...ccsceesesoeeess (21). 
Putting z,=0, we have 

log 0 = log z, + log Q, 
whence log 0 = œ, 


or rather, since it appears that the real part of the logarithm 
of a small quantity is essentially negative, 


In the same way 


Let us examine the properties of the function ‘inverse’ to the 
logarithm ; viz. writing 
w = log z, 


let us investigate the properties of z as a function of w. This 
function we denote by e”. It follows at once from (21) that 


Pe Pe Pe co E (24), 


the fundamental property of the ‘exponential’ function. Hence, 
and from (22), (23), 


e=1, et”= 4o, e7” =0. 


d 


Also since log z is cyclic, the constant being 2m, e” 1s a periodic 
function, the period being 2m3, viz. 


wW+Onntt —_. 
e = 2 ———e e”, 


where n 1s any integer. 


Let us map out, in the manner explained in Art. 76, the 
relation between the two functions z and w. It appears from (19) 


that w=logz =| —HtB..ccrrcccccseeseees (25)*. 


The first term on the right-hand side of (25) is essentially real ; 
we denote it by logr. We have then logr and @ as the rect- 


* Putting r=1 in (18) and (25) we see that 


et? — eos 6+esin@, ° 
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angular co-ordinates of the point P in the plane of w corresponding 
to the point P (x, y) of the plane of z. If P describe a circle of 


Fig. o. 


ae ee ee a, 
a TE e 


an gee ae p ath nga ae aa À 
lie | 
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_ = 


radius unity about the origin, starting from the point (1, 0); then, 
since log 1 = 0, P will move along the axis of #, and will describe 
a length 27 of that axis for every revolution of P. To points P 
outside the circle r=1 correspond points P to the right of the ° 
axis of #3; and vice versa. To every straight line through the 
origin, in the plane of z, corresponds in the plane of w a straight 
line parallel to the axis of ¢. The periodicity of z, and the cyclosis 


of w, are manifested by the division of the plane of w by the 
straight lines y = 2n7 into an infinite number of compartments, 
each of which corresponds to the whole of the plane of z. 


In the same way the properties of the function arc tan z may be 
deduced from the definition 


arc tan z = _dz =S lo z—t 
7 pl+27 2% 5 i 





and, though with much greater difficulty, those of the function 
arc sin 2 from the definition 


z dz 
0/1 —2? 





arc SIn Z = 
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79. The hydrodynamical interpretation of cases where w 1s, 
in the foregoing sense, a many-valued function of z is obvious from 
the preceding chapter. It is possible however for w to be 
ambiguous in another way. Let us take for instance the func- 
tion 


w =z =r} (cos 0 + i sin O)? oc. .ccceeseese (26). 


If we start from the point r=1, 0 =0, with the value w= 1, 
the value of the function at any other point is 


w=r (cos 4 0 + vsin 4 0), 





where @ must of course be supposed to vary continuously. Hence 
if the point P (r, 0) describe a closed curve not embracing the 
origin, w will return to its former value; but if the path of P 
encompass the ongin this will not be the case; if the motion of P 
be in the positive direction @ will have increased by 2r, and we 
shall have w=—1. A second circuit round the origin will restore 
to w its original value. Hence to every point P.ın the plane of z 
correspond two values of w, which however pass into one another 
continuously as P describes a closed curve about the origin, where 
the two values coincide. 


Again, if 


and we start from any point A with the value w,, the value of w 
at A after one circuit of P round the origin will be aw,, after a 
second circuit a'w,, and after a third a*w,, where a is a cube root 
of unity. Hence to every point P of the plane of z correspond 
three values of w, forming a cycle which recurs at every third cir- 
cuit of P round the origin. 


A point, such as the origin in the above examples, at which 
two or more values of a function coincide, is called a ‘ branch- 
point’. The similarity in their infinitely small parts of the planes 
of w and z must obviously break down at a branch-point, so that 
we must have at such points (Art. 76) 

dw 


—=(Q, r o. 


dz 
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The branch-points of a function w are also branch-points of 


dw 


Ty and vice versa, as is easily seen from the meaning of the latter 


function. 


Hence if an assumption of the form (26).or (27) be hydro- 
dynamically intelligible, the portion of the plane xy occupied 
by the fluid must not include any branch-points; otherwise the 
component velocities would be ambiguous at every point of the 
fluid. Branch-points may however occur on the boundary of this 
portion, in which case circulation round them is impossible. 


80. We can now proceed to some applications of the foregoing 
theory. 


Example 1. Assume 
w= Az", 


and suppose A to be real*. Introducing polar co-ordinates r, 0, 
we have 


h = Ar" cos nð, 
Yy = Ar” sin nð. 


(a) If n=1, the stream-lines are a system of straight lines 
parallel to x, and the equipotential curves are a similar system 
parallel to y. In this case any corresponding figures 1n the planes 
of w and z are similar, whether they be finite or infinitesimal. 


(b) If n= 2, the curves @= const. are a system of rectangular 
hyperbolas having the axes of co-ordinates as their principal axes, and 
the curves W = const. are a similar system having the co-ordinate 
axes as asymptotes. The lines 0 =0, 06=47 are parts of the same 
stream-line W = 0, so that we may take the positive parts of the 
axes of x, y as fixed boundaries, and thus obtain the case of a fluid 
in motion in the angle between two perpendicular walls. 


(c) If n=—1, we get two systems of circles touching the 
A cos 0 
, the 
r 





axes of co-ordinates at the origin. Since now ¢ = 


= * Tf A be complex, the curves ¢=const., y=const. are not altered in form but 
only in position, being turned round the origin through an angle arc tan pf, if 


A=a+tifp. 
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velocity at the origin ıs infinite ; to avoid a physical absurdity we 
must suppose the region to which our formul apply to be limited 
internally by a closed curve surrounding the origin. 


(d) If n=- 2, each system of curves is composed of a double 
system of lemniscates. The axes of the system = const. coin- 
cide with x or y; those of the system W = const. bisect the angles 
between these axes. 


(e) By properly choosing the value of n we get a case of 
irrotational motion in which the boundary is composed of two rigid 
walls inclined at any angle a. The equation of the stream-lines 
being 


r" sin nô = const., 


we see that the lines 0 = 0, 0 => are parts of the same stream- 


line. Hence we have only to put -= a, and so obtain the required 


solution in the form 
tT TT 
- 76 = . 7 
$ = Ar cos — , y = Ar*sin ~~. 


The component velocities along and perpendicular to r, are 


1 


1 nô m -1 . mI 
cos-—— , and —A—?7r sin—; 
a a a 


AZ r 
a 
and are therefore zero, finite, or infinite at the origin, according as 
ais less than, equal to, or greater than 7. 


81. Example 2. The assumption 
w = u log z, 

mE +i = plog re", 

gives $=pulogr, y= pð. 

The equipotential lines are concentric circles about the origin ; 
the stream-lines are straight lines radiating from the origin. Or, 
we may take the circles r= const. as the stream-lines, and the 
radii 0 = const. as the equipotential lines. In both cases the 


velocity at a distance r from the origin is =f we must therefore 


suppose the origin excluded (e.g. by drawing a small circle round 
it) from the region occupied by the fluid. In the second case, 
L. 6 
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already discussed in Art. 34, the motion is cyclic; the circulation 
in any circuit surrounding the origin being 27rp. 


82. Hxample 3, Let us write 
i. z +iy—a 
a TE 
If r,, r, denote the distances of any point in the plane zy from the 
points (+ a, 0), and @,, 0, the angles which these distances make 
with the positive direction of x, we have 


x+iw—a_ re” 
etiyta re’ 





and therefore 
T 
P=plog 7, y= np (8—0). 


The curves Ņ = const., %.e. 0, — 0, = const., are circles passing 
through the points (+a, 0); the curves $ = const. are the system 
of circles orthogonal to these. Either of these systems of circles 
may be taken as the equipotential curves, and the other system 
will then compose the stream-lines. In either case the velocity 
at the points (+a, 0) will be infinite; so that we must exclude 
these points (e.g. by small closed curves drawn round them) from 
the region to which the formule apply, which thus becomes 


triply-connected. If the curves at const. be taken as the stream- 
A j 

lines, the circulation in any circuit embracing the first only of 

the above points is 274; that in one embracing the second point 


only is — 27; whilst that in a circuit embracing both 1s zero, 


83. Example 4, Assume 
p +y =p log (x + ty — a) (x +y +a). 

If 7,,7,, 9,, 0, have the same meanings as in the last example, 
this gives E e 
| P= LTT, =p (0, + 0,) snes t+... (28), 
The curves 7.7, =const. are a system of lemniscates whose poles 

are at the points (+a, 0). The curves 0, + 0, = const., t.e. 


J 4 arc tan J 
L-A r+a 


are tan 








= const., 
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22I 
or arc tan -~ = const, 
z“ — y*—u 
are a system of rectangular hyperbolas, orthogonal to the above 
system of lemniscates, and passing through their poles. A drawing 


of both systems of curves is given by Lamé*. 


The formule (28) make the velocity infinite at the poles, 
which must therefore be excluded from the region to which the 
formulz apply. If the lemniscates be taken as the stream-lines, 
the velocity-potential u (@,+ 0,) is a cyclic function; the circulation 
in any circuit embracing one pole only is 27 p, that in a circuit 
embracing both poles 1s 47rp. . 


84, Example 5, Assume 








dw z—a m 
—— = u log — ..essesessssso. ossee: (2 9), 
77 log a (29) 
= u lo re 
= H 105 re > 
in the notation of Art. 82. Since 
dw dọ „dẹ _ 
a. a. 
this gives 
u= plog =, T A 10 A TRE (30) 


If we suppose the region occupied by the fluid to have the axis 
of x as a boundary, there will be no ambiguity in these values of 
u, v. Moreover, u, v will be everywhere finite and continuous 
except on the axis of x. When y=0, and x >a, then 0,=0,=0; 
and when y=0, x<—a, then 0,=6@,=7. Im each case v=0. 
When y=0, and a> x >-—a, we have 0, = mr, 0,= 0, and therefore 
v=— umt. We have thus the solution of the following problem: 
An infinite mass of liquid bounded by an infinite rigid plane but 
otherwise unlimited 1s initially at rest, and a strip of this plane of 
breadth 2a 1s supposed detached from the remainder and suddenly 
pushed inwards with velocity um; to find the motion produced in 
the fluid. In the above formulz the rigid plane corresponds to 
the axis of x, and the fluid lies to the negative side of the latter. 


It appears from (30) that at the edges of the strip u is infinite. 


* Leçons sur les Coordonnées curvilignes, p. 223. 


6—2 


84 MOTION OF A LIQUID IN TWO DIMENSIONS. [CHAP. IV. 


This example is merely given as an instance of discontinuous 
boundary-conditions. 


The values of ġ, W can be at once found, if required, by 
integrating (80). 


85. A very general formula for the functions ¢, ~ may be 
obtained as follows. It may be shewn that if a function f(z) be 
finite, continuous, and single-valued, and have its first derivative 
finite, at all points of a space included between two concentric 


circles about the origin, its value at any point of the space can be 
expanded in the convergent form 


If the above conditions be satisfied at all points within a circle 
having the origin as centre, we retain only the ascending series ; 


if at all points without such a circle, the descending series, with 


the addition of the constant A,, is sufficient. If the conditions be 
fulfilled for all points of the plane xy without exception, f(z) can 
be no other than a constant A,. 


Putting f(z) =¢+2, introducing polar co-ordinates, and 
writing the complex constants A,, Ba, in the forms Pa +Q, 
R,+18,, respectively, we obtain 


d=P +>; r" (P, cos nd —Q, sin nô) + Èr r” (RB, cos nb +S, sin n6) 
w= Q, + 2; t” (Q, cos nh + P, sin n€) + 2, r” (S, cos nô — R, sin W 


These formulæ are convenient in treating problems where we 


d 


have the value of œ, or of =~, given over the circular boundaries. 


dn 


This value may be expanded for each boundary in a series of sines 
and cosines of multiples of 0, by Fouriers theorem. The series 
thus found must be equivalent to those obtained from (32), 
whence, equating separately coefficients of sinn and cos n0, we 
obtain four systems of linear equations to determine 


Pas Vis Pns Dae 


86. Example 6. An infinitely long circular cylinder of radius 


84—86.] MOTION OF A CIRCULAR CYLINDER IN LIQUID. 85 


a is moving with velocity V perpendicular to its length, in an 
infinite mass of liquid which is at rest at infinity; to find the 
motion of the fluid supposing it to have been started from 
rest. 


The motion will evidently be in two dimensions. Let the 
origin be taken in the.axis of the cylinder, and the axes of a, y in 
a plane perpendicular to its length. Further let the axis of x be 
in the direction of the velocity V. The motion having originated 


from rest will necessarily be irrotational, and ¢ will be single- 


valued. Also, since iF k ds, taken round the section of the cylinder 


is zero, is also single-valued (see Art. 69), so that the formule 


of 


(32) apply. Moreover, since 7 is given at every point of the 


cylinder, viz. 


ab _ 
-mia V cos 0, when r=@.u.cccccssseeee (33), 


the problem is determinate, by Art. 71. Since the region occupied 
by the fluid extends to infinity we must in (32) omit the coefh- 
cients P., QY,. The condition (33) then gives 


V cos 6 = — £; na"? (R, cosnô + Sasin nô), 


which can be satisfied only by making R, =— Va’, and all the 
other coefficients zero. The complete solution is therefore given by 


These formulæ coincide with those of Art. 80 (e). 


As this case is one which is readily comparable with experi- 
ment, we will calculate the effect .of the pressure of the fluid 
on the surface of the cylinder. The formula (4) of Art. 25 gives 


where we have omitted the term due to the external impressed 
forces, the effect of which can be calculated by the ordinary rules 


of Hydrostatics. The term 7 in (385) expresses the rate at which 


@ 18 increasing at a fixed point of space, whereas the value of ¢ 
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in (34) is referred to an origin which is in motion with the velocity 
V parallel to z Hence 





dp dV a’ dd 
a” Sr heed 
where 
db dd dp . , Væ 
do dp (8 9 zag SNE = 2 cos 26 
i 2 2a 


The pressure at any point of the cylindrical surface is there- 
fore 


D=p (0-45, cos 6+ V*cos 20 — 4} 4 (36). 


The resultant pressure on a length of the cylinder is evidently 
parallel to x; to find its amount per unit length we must multiply 


(36) by — ad@.cos @ and integrate with respect to & between the 
limits O and 27. The only term which gives a result different 


from zero 1s the second, which gives 


or i ME “a opanpanysseeys att aaeeseents (37), 


if M’ be the mass in unit length of the fluid displaced by the 
cylinder. Compare Art. 105. 


If in the above example we impress on the fluid and the 
cylinder a velocity — V in the direction of x, we have the case of 
a current flowing with velocity V past a fixed cylindrical obstacle. 
Adding to @ and wW the terms — Vx and — Vy, respectively, 


we get 
2 


p=-V (r+ =) cosh, p=- y (r — 3 sin 0. 


If no external forces act, and if V be constant, we find for the 
resultant pressure on the cylinder the value zero. 


87. To render the formula (81) capable of representing any 
case of irrotational motion in the space between two concentric 


circles, we must add to the right-hand side the term 
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If A = P +Q, the corresponding terms in ¢, ¥ are 
Plogr— Q0, F0+Qlogr, 


respectively. The meaning of these terms will appear from 
Example 2 above. 27/P is the cyclic constant of W, 1.e. (Art. 69) 
the total flux across the inner (or outer) circle; and — 2r Q, the 
cyclic constant of ¢, is the circulation in any circuit embracing the 
origin, 


The formula (31), as amended by the addition of the term 
(38), may readily be generalized so as to apply to any case of 
irrotational motion in a region with circular boundaries, one of 
which encloses all the rest. In fact, corresponding to each internal 
boundary we have a series of the form 

A log (2 ~ 0) + At + At be, 
where c, =a+1b say, refers to the centre, and the coefficients 
A, A,, A,, &c. are in general complex quantities, The difficulty 
however of determining these coefficients so as to satisfy given 
boundary conditions is now so great as to render this method of 
very little utility. 


Indeed the determination of the irrotational motion of a liquid 
subject to given boundary conditions is a problem whose exact 
solution can be effected by direct processes in only a very few 
cases. Most of the cases for which we know the solution have 
been obtained by an inverse process ; viz. instead of trying to find 
a solution of the equation (5a) or (7) satisfying given boundary 
conditions, we take some known solution of the differential equa- 
tions and enquire what boundary conditions it can be made to 
satisfy. In this way we may obtain some interesting results in 
the following two important cases of the general problems in two 
dimensions. 


88. Case I. The boundary of the fluid consists of a rigid 
cylindrical surface which is in motion with velocity V ina 
direction perpendicular to its length. 


Let us take as axis of x the direction of this velocity V, and 
let ds be an element of the section of the surface by the plane zy. 
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Then at all points of this section 


dE velocity of the fluid in the direction of the normal, 


= velocity of the boundary normal to itself, 


If we take any possible form of , the equation (39) is the 
equation of a system of curves each of which would by its motion 
parallel to x produce the set of stream-lines defined by ẹ = const. 
We give a few examples. 


(a) If we choose for W the form Vy + const., then (39) is 
satisfied identically for all forms of the boundary. Hence the 
fluid contained within a cylinder of any shape which has a motion 
of translation only may move as a solid body. If, further, the 
cylindrical space occupied by the fluid be simply-connected, this is 
the only kind of motion possible. This is otherwise evident from 
Art. 49; for the motion of the fluid and the solid as one mass 
evidently satisfies the boundary conditions, and is therefore the 
only solution which the problem admits of. 


(b) Let -2 sın Ô (Example 1); then (39) becomes 


A. 


z Sin 0 = Vr sin @ + const. 


In this system of curves is included a circle of radius a, provided 


=a Va. 


a 


Hence the motion produced in an infinite mass of liquid by a 
circular cylinder moving through it with velocity V perpendicular 


to its length, is given by 
Va 


T 





Y = 
which agrees with (84). 


(c) With the same notation as in Example 3 let us assume 


y =A (0, n 0.) 
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The equation of the curves by whose motion parallel to z this 
system of stream-lines could be produced, is by (39) 


A 


where k is written for 7 


If we put C=0 we obtain an oval curve symmetrical with respect 
to x and y. The curve corresponding to any other value of C is 
symmetrical with respect to the axis of y, and has the line y= C 
as an asymptote towards æ = + œ. The curves for which Č is the 
same in magnitude, but of opposite sign, are symmetrically situated 
on opposite sides of the axis of x The points (+a, 0) which in 
Example 3 are taken as origins of @,, 8,, may be called the foci of 
the above system of curves. By varying the constants k and a 
the forms of the curves can be varied indefinitely. From their 
resemblance (within certain limits as to the relative magnitudes 
of k and a) to the lines of ships, they have been called ‘bifocal 
neoids,’ by Prof. Rankine*, who investigated their properties with 
a view to obtaining theoretical guidance as to what proportions 


are to be observed in designing a ship in order to reduce as much 
as possible the resistances due to waves, surface-friction, &c. 


(d) Let E, 7 be two new variables connected with x, y by the 
relation 














This gives 
e+e’ |} 
x=csiné 5 > 
AEA (41) 
ei— ery 
y =c cos E. —z 
Eliminating E, we have 
a en, ee (42) 
k (= + = x e — =) 
a) 8S 
and eliminating n, | 
on? y’ i 








č sin? cos ` 
Hence the curves E = const., 7 = const. are confocal hyperbolas and 


* Phil. Trans., 1864. 
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ellipses, respectively; the distance between the common foci 
being 2c. 





Now let us assume ~ 

db +i = Cre & ti, 
where C is some real constant. This makes 6+72% a function of 
x +y; and the value of 4} is 


wr = Ce~" cos é, 
so that (39) becomes 
er — er" 
Ce-" cos E= Ve cos £. 5 
In this system of curves is included the ellipse whose parameter 7 


is determined by 


+ const. 














— PTN 
Ce-"= Ve E 5 
If a, b be the semi-axes of this ellipse, we have, by (42) 
mi e"+e" h = xe 
a= 9 ; E C 2 y) 


so that 








Hence the formula 





gives the motion of an infinite mass of liquid produced by an 
elliptic cylinder whose semi-axes are a, b, moving parallel to its 
major axis with velocity V. 


That the above formula makes the velocity zero at infinity 
appears from the consideration that when 7 is large, dx and dy are 


of the same order as e"dn or e'd&, so that e, Te are of the 
order e~™", or S: ultimately, where r denotes the distance of any 


point from the axis of the cylinder. 


If the motion of the cylinder were parallel to its minor axis, 
the formula would be 
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Drawings of the curves $ = const., ẹ = const., in the above cases 
are given in the Quarterly Journal of Mathematics, December, 1875. 
These curves are the same for all confocal ellipses; so that the 
formule hold even when the generating ellipse reduces to a 
straight line joining the foci. In this case (44) becomes 


v= — Vee sin E v..csccesevcsceeeeee: (45), 


which would, except for the reasons stated in Art. 30, give the 


motion produced in an infinite mass of liquid by an infinitely long 
lamina of breadth 2c moving perpendicular to itself with velocity V. 
Since however (45) makes the velocity at the edges of the lamina 
infinite, this solution is destitute of practical value. 


When c=0 the problem.of this section becomes that of (b) 


above. The student may, as an exercise, work out the transform- 
ation of (43) into (34). 


89. Case II. The boundary of the fluid consists of a rigid 
cylindrical surface rotating with angular velocity w about an axis 


parallel to its length. 


Taking the origin in the axis of rotation, and the axes of x, y 
in a perpendicular plane, we have, with the same notation as 
before, 


(the component velocities of a point of the boundary being 


dy =i 


— wy, wx, and the direction-cosines of the normal =~, —-—}. 


ds’ ds 
Integrating we have, at all points of the boundary, 


tr = — $o (x° + y*) + const. sosssesseseses (46). 


If we assume any possible form of wW, this will give us the 
equation of a series of curves, each of which would by rotation 
round the origin, produce the system of stream-lines determined 


by W. 


As examples we may take the following : 
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(a) If we assume 
sp = Ar’ cos 20 = A (x* — 4°), 
the equation (46) then becomes 
(4m + A) a’ + (4a— A)’ =C, 


which, for any given value of A represents a system of similar and 
coaxial conic sections. That this system may include the ellipse 


we must have- 








| a’? — b? 
a” — b? 9 
Hence y =-}0. Rey) 


gives the motion of a liquid contained within a hollow elliptic 


cylinder whose semi-axes are a, b, produced by the rotation of the 
cylinder about its axis with angular velocity w. 


The corresponding formula for ¢ is 





The angular momentum of the fluid, per unit length of the 
cylinder, about the axis of rotation, 1s 





Hence the cylinder rotates under the action of any external forces 
exactly as if the fluid were replaced by a solid whose moment of 
inertia about the axis of rotation 1s 


(a — b*)? 
q + b? 
per unit length, M being the mass per unit length of the fluid. 


4M 





(b) Let us assume 
y = Ar’ cos 30 = A (x* — 3xy’). 
The equation of the boundary (46) then becomes 
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Let us choose the constants so that the straight line «=a may be 
part of the boundary. The conditions for this are 


Aa+toa°=C, —3aA+}o0=0. 
Substituting the values of A, C hence derived in (47), we have 
x’ — a — 3xy’ + 3a (2 — a + 4°) = 0. 
Dividing out by x—a, we get 
x + 4daxr + 4a’ = 3y’, 
or xe+2a=4+7/3.Y. 


The rest of the boundary consists then of two straight lines 
passing through the point (— 2a, 0), and inclined at angles of 30° 
to the axis of x. The complete boundary, therefore, is composed 
of three straight lines forming an equilateral triangle, the ongin 
being at the centre of gravity. 


We have thus obtained the formule for the motion of the 
fluid contained within a vessel in the form of an equilateral prism, 
when the latter is set in motion with angular velocity w about an 


axis parallel to its length and passing through the centre of 
gravity of its section; viz. we have 


where 2,/3a is the length of a side of the prism. 


The problem of fluid motion in a rotating cylindrical case is to 
a certain extent mathematically identical with that of the torsion 
of a uniform rod or bar*, The above cases (a), (b) are mere 
adaptations of two of M. de Saint-Venant’s solutions of the latter 
problem. 


(c) With the same notation as in Art. 88 (d), let us assume 
o +a = Cie” E+", 
We have, from (41), 
xn” + y? = te (e —2 cos 2E + e-™), 
Hence (46) becomes 
Ce-™ cos 2E + wc" (e — 2 cos 2E + e~?) = const. 


* Sce Thomson and Tait, Natural Philosophy, Art. 704, et seq. 
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This system of curves includes ‘the ellipse whose parameter is 7 


provided 


or, using the values of a, b already given, 


C= (a+b, 
so that 
t= tw (at) e7” cos 2, 


bd =— tw (a +b e~™ sin 2E, 


By the same reasoning as in the last article we see that at a great 
I 


y? ® 
The above formule therefore give the motion of an infinite 


mass of liquid, otherwise at rest, produced by the rotation of an 
elliptic cylinder about its axis with angular velocity o. 


distance from the origin the velocity is of the order 


A drawing of the stream-lines in this case is given in the 
Quarterly Journal of Mathematics, December, 1875. 


90. If w be a function of z, it follows at once from the defini- 
tion of Art. 74 that z 1s a function of w. The latter form of the 


assumption 18 sometimes more convenient analytically than the 
former. 


The relations (11) are then replaced by 





dp dw’ dy dd re ee (48) 
Also, since. 
dw dọ .dyy _ 
dz a +1 da "7 
we have 
dz. 1 l/u .v 
go = = p +1 2) ) 
dw u-w q\q q 
where q is the resultant velocity at (x, y). Hence 1f the properties 
of the function = (= § say,) be exhibited graphically in the manner 


already explained, the vector drawn from the origin to any point 
in the plane of € will agree in direction with, and be in magnitude 
the reciprocal of, the velocity at the corresponding point of the 
plane of z. 
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oo. l. dz . dz .dy _ 
is soe since : is the modulus of Ty? Ue of dd + Ers we 
have 
1 sa] dy\" 
3=(5,) + (E) AF ARAE TARINA 49), 
q (a3 dd Sa 





= (=) + (st) = A a N a (50). 
any ay; dp dy dy dọ 
The last formula, viz. 
1l _d(x, y) 
g dlh, Y)’ 


simply expresses the fact that corresponding elementary areas in 
the planes of z and w are in the ratio of the square of the modulus 


91. Example T. Assume 








Z=csin W, 
e% + eY. 
OT Te, ar sin @, 
yu 
ev — e-V¥ 
y= 5 cos ġ 


The curves = const. are, Art. 88 (d), a system of confocal ellipses, 
and the curves ¢ = const. a system of confocal hyperbolas; the 
common foci of the two systems being the points (+ c, 0). 


Since at the foci we have $=} (2n +1) m, w=0, n being some 
integer, we see by (49) that the velocity 1s infinite there. We 
must therefore exclude these points from the region to which our 
formule apply. If the ellipses be taken as the stream-lines the 
motion is cyclic; the circulation in any circuit embracing either 
focus alone is — v, that in a circuit embracing both is — 27. 


At an infinite distance from the origin ¥ is infinite, and the 
velocity zero. 


When c= 0 this case coincides with that of Example 2. We 
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leave it as an exercise for the student to deduce the formule of 
that example from those of the present article. 


If we take the hyperbolas as the stream-lines, the portions of 
the axis of x which lie beyond the points (+ c, 0) may be taken as 
fixed boundaries. We obtain in this manner the case of a liquid 
flowing from one side to the other of a rigid plane, through an 
aperture of breadth 2c made in the plane; but since the velocity 
at the edges of the aperture is infinite, this kind of motion cannot 
be realized with actual fluids, 


92. Example 8. Let 
z=A(w+e"), 
whence 
ens bide a) 1 
a rn (51). 
Along the stream-lines w= + Ar, we have 
x=A(p—e*), y=H=+tArn. 

As ¢ increases from — œ through zero to + œ% , x increases from 
—o, reaches a certain maximum value, and then goes back to 
— æ. The maximum value is readily found to be when ¢=0, and 
is —A. Hence the portions of the straight lines y = + Az which 
le between x=—o, and w=—A, may be taken as fixed 
boundaries. Let us next trace the course of a stream-line in- 
finitely near to one of the former; say ț = A (m — a), where a is 
infinitesimal. This gives 


xz=A(hdt+etcosw) y= Ar—Aat Ares, 


approximately. As $ increases from — œ , x increases, whilst y re- 
mains at first approximately constant and equal to A (m — a); when, 
however x approaches its maximum value, y increases to the value 
Am. As œ increases beyond the value zero, æ diminishes, whilst 
the excess of y over Am slowly but continuously increases. 

The formule (51) express then the motion of a liquid flowing 
from a canal bounded by two parallel planes into open space*. 
We see, however, from (50), that the velocity at the edges of these 
planes (where 6=0, y= +7) is infinite; so that the motion 


* The above example is due to Helmholtz, Phil. Mag. Nov. 1868. A drawing 
of the curves ¢=const., y =const., is given in Maxwell’s Electricity and Magnetism, 
Vol. 1., Plate x11. 
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cannot be realized, for the reasons explained in Art. 30. If how- 
ever the motion be very slow, we may take two stream-lines very - 


near to y = + m as fixed boundaries, and so obtain a possible case. 


93. Example 9. Kirchhoff has, @ propos of certain problems 
to be discussed below, given a method by which the determination 
of the motion in several cases of interest may be readily effected. 
The method rests upon the property of the function ¢ explained 
in Art. 90. Ifthe boundaries of the fluid be fixed and rectilinear, 
the corresponding lines in the plane of & which are also straight, 
are easily laid down. Also, since the fixed boundaries are stream- 
lines, the corresponding lines in the plane of w are straight lines 


w=const. It is then in many cases not difficult to frame an 
assumption of the form 


c= (w), 


by which the correspondence of these lines in the planes of ¢ and 
w may be established. The relation between z and w is then to 
be found by integration. 


Example 8, above, is very easily treated in this manner. We 
take however a somewhat less simple case; viz. that in which a 
current flows from a uniform canal into an open space which 1s 
bounded by an infinite plane perpendicular to the length of the 
canal, and in which the mouth of the latter lies. See Fig. 6. 


Fig. 6. 





The middle line of the canal is evidently a stream-line; say 
that for which y~=0. Also for the stream-line BAC let pH=r; 


L. 7 
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on account of the symmetry we need only consider the motion 
between these two lines. If the velocity in the canal at a distance 
from the mouth be taken to be unity, the half-breadth of the 
canal will be m. The boundaries in the plane of € are shewn in 
the figure, corresponding points in the planes of z and ¢ being 
indicated by corresponding Roman and Greek letters. The point 
A corresponds to the origin of € because the velocity there is 


infinite. (Art. 80.) 


We have now to connect and w by a relation such that yz8 


and Sœ shall correspond to the two straight lines ~=0, y=7. 
If we assume 2’ = £’, then in the plane of 2’ the lines yx and Boo 


become parts of the same straight line. The assumption z = 1 +e” 
then converts these two parts into the straight lines Y = 0, Y= r. 


See Art. 78. We have then 





whence 











The constant of integration 1s so chosen that the origin of z 
(hitherto arbitrary) shall be at the intersection of the middle line 
of the canal with the plane of its mouth. 


Discontinuous Motrons*. 


94, We have had frequent occasion to remark, concerning 
forms of fluid motion which we have obtained, that they cannot 
be realized in practice on account of the infinite velocity and 
consequent negative pressure which they would involve at some 
point of the boundary. We are led to solutions of this nugatory 


character whenever a sharp projecting edge forms part of the 
boundary. Edges of absolute geometrical sharpness do not of 


course occur in practice; but even if the edge be slightly rounded, 
(as for instance in Example 8 above, by the substitution of a 


neighbouring stream-line as the fixed boundary,) the velocity in 
the immediate neighbourhood will, unless the motion be every- 


* Helmholtz, l.c. Art. 92. 
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where clse exceedingly slow, be very great, and so will still 
transgress the limit pointed out in Art. 30. 


It is a matter of ordinary observation that under such circum- 
stances a surface of discontinuity, beginning at the sharp edge, 1s 
formed. Thus the current issuing from an orifice in the thin wall 
of a vessel does not, as would appear from Example 7, spread out 
and follow the walls, but forms a compact stream bounded on all 
sides by fluid sensibly at rest. Similarly, the current issuing from 
a straight pipe or canal does not spread out in all directions in 
the manner indicated in Example 9, but forms, at all events for 
a short distance, a uniform stream whose boundaries are pro- 
longations of the sides of the canal. As practical exemplifications 
of these statements we may point to the smoke issuing from a 
chimney, and to the motion of a rapid torrent through a bridge 


whose span is considerably less than the breadth of the channel 
below. 


It is not very easy to form, from theory, a precise idea of 
the manner in which the existence of these surfaces of discon- 
tinuity is brought about. If the motion in any of the cases above 
referred to be generated gradually from rest, as for instance in the 
case of Example 9 by the motion of a piston fitting the canal, 
then if the edges be slightly rounded the continuous motion 
already discussed will in the first instance be possible. As how- 
ever the motion of the piston is accelerated, a time arrives when 
the pressure at the edge sinks to zero. The boundary-conditions 
are then altered and the nature of the analytical problem 1s 
entirely changed. Helmholtz supposes that at the points of 


zero pressure the values of the derivatives P, sA cp 

- dx? dy dz 
come discontinuous, and that it is to these discontinuous com- 
ponents of the total force acting on a fluid element that the 
generation of the discontinuous motion which is actually produced 


is to be ascribed. 


The conditions to be satisfied at a surface of discontinuity are 
easily found. We have of course the kinematical relation (13) 
of Art. 10; and the dynamical condition is that the pressure at 
every point of the surface must be the same on both sides. If 
the motion be steady, this requires that the values of the squares 


1—2 
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of. the velocities on the two sides should differ by a constant 
quantity. If further, as occurs in most cases of practical in- 
terest, the fluid on one side of the surface be sensibly at rest, 
the conditions reduce to these, that the velocity must be wholly 
tangential to the surface, and of constant magnitude. 


Kirchhoff’s Method. 


95. Kirchhoff has applied the method already partially ex- 
plained to obtain forms of discontinuous motion (in two dimen- 
sions) satisfying the conditions just stated. The fluid is supposed 
bounded by two stream-lines =a, w=, consisting partly of 
fixed boundaries and partly of lines of constant (say unit) velocity. 
The lines for which g=1 are represented in the plane of ¢ by 
arcs of a circle of unit radius having the origin as centre; whilst 
the fixed boundaries, if straight (as we shall suppose them to be), 
become radii of this circle. The points where the radii meet 
the circle correspond to the points where the limiting stream-lines 


change their character. We have then to frame an assumption 
of the form 


such that the portion of the plane of € external to the above 
circle and included between the two radii shall correspond to the 
portion of the plane of w included between the two parallel 
straight lines Y =a, y=. It is further necessary (see Art. 79), 
that the function f(w) shall have no branch-points within the 
portion of the plane of w considered, although such points may 
occur on the boundary of this portion. 


It is found that this problem may be reduced to a particular 
case of the following :—To connect two complex variables z, 2 
by a functional relation such that any given lune in the plane 
of z shall correspond to any given lune in the plane of z 
and any three points on the perimeter of the one lune to any 
three points on that of the other. By a ‘lune’ is here meant 
the closed figure formed by two circular arcs which meet but 
do not cross. By the ‘angle of a lune’ we shall understand the 
angle contained by the arcs at either intersection. 
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To solve the above problem we remark in the first place that 
any assumption of the form 





transforms circles into circles. For suppose the point Z’ to de- 
scribe a circle about any point C as centre. We have then 


mod (Z’ — C’) =const., i 


and therefore, if by a change of constants Z — C’ be put into the 
form 


Z-C. 
SFO 


mod (Z— C) : mod (Z— C,) = const. 





Hence the point Z moves so that its distances from the two 
points C,, C, are in a constant ratio; t.e., by a well-known theorem 
of elementary geometry, it describes a circle. To a lune in the 
plane of Z corresponds then a lune of the same angle in the 
plane of Z. The three ratios A : B : C : D may be so chosen as 
to make any three points in the one plane correspond to any 
three points in the other, when the circles determined by these 
triads will also correspond. Hence to establish a correspondence 
between any two lunes of the same angle we have only to de- 
termine the above ratios so that the angular points of the one 
shall correspond to the angular points of the other, and any third 
point on the perimeter of the one to any third point on that of 


the other. 


4 


As a particular case, the assumption 





transforms any lune whose angular points are at c,, c, into a lune 
in the plane of % having its angular points at 0 and o, t.e. into 
two straight lines radiating from the origin, and making an angle 


equal to that of the lune. 


If we now assume 


Z = ZL", 
these straight lines become, in the plane of Z, straight lines 
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inclined at an angle n times as great. Compare Art. 80. If we 


or 


then make n= => 80 that 





a lune of angle a having its angular points at c,, C, becomes in the 
plane of Z one straight line, and therefore by (53) in the plane 
of Z a circle. The constants in (53) may be so determined that 
any three points on the perimeter of the lune correspond to any 
three points in the plane of Z. 


Since, in the same way, the assumption 





transforms a lune of angle a having its extremities at c, c; into a 
straight line in the plane of Z, we see that (53), with (54) and 
(55), transforms a lune of angle a having its ha at c, C, 
into a lune of angle a having its extremities at c,’,c,’, provided the 
ratios A: B: C: D be (as they may be) so chosen that three arbi- 
trary points on the perimeter of the one correspond to three arbi- 
trary points on the perimeter of the other, This is the solution 

of the problem above stated. 


In the hydrodynamical application one of the lunes 1s the strip 
of the plane of w bounded by the straight lines ~f=0, ~W=b. In 
this case the expression corresponding to the right-hand side of 
(54), (with w written for z) assumes an indeterminate form; the 
angular points of the lune being at infinity, whilst its angle is 


zero. When evaluated by the usual methods this expression be- 
TW 
comes eè. It 1s in fact obvious from Art. 78 that the assumption 


converts the two straight lines in question into the one straight 
line Y= 0, and therefore serves the purpose of (53). 


We proceed to give the more important of the applications of 
the above method which have been made by Kirchhoff, 
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96. Example 10. This is an illustration of the theory of the 
vena contracta. Fluid escapes from a large vessel through an 
aperture in a plane wall. The forms of the boundaries in the 
planes of z, & w are shewn in Fig. 7; fixed boundaries being de- 
noted by heavy, free surfaces by fine lines. The figure in the 
plane of ¢ is a lune of angle $7 having its angular points at f= +1, 
The figure in the plane of w has the limiting form just noticed. 


Fig. 7. 








We assume for simplicity that the parameters of the limiting 


stream-lines are ~~=0, ț¢ =r. Applying then the rule developed 
in the last article, we assume 


(a) when ġp=-œ, f=, 
(6) when ġ=+œ, ¢=-—iî; 


and if we further take the equipotential surface passing through 
the edges of the aperture as that for which $ =0, we must have 


(c) w=0 when f=], 


Of these conditions (a) gives B= D, (b) gives A=- C, and 
(c) gives A = — B, so that (57) becomes 


(=) = ee e, (58), 
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whence we find 





Along the stream-lines ~r=0, w=7r, € is. real so long as ¢ lies 
between 0 and — œ. ‘To find the form of the free boundaries, let 
us consider the portion of the stream-line y= 0 for which ¢>0. 
The first term of (59) is then real, the second imaginary, so that if 
we write 


{=< (cos + isin 0) 


we have, along the line in question, 


If s denote the arc of this line, measured from the edge of the 
aperture, we have | 


dp 
ds 7175h 
whence s=q. The equation (60) then gives 
da =o — p78 
J; = 008 d=e-8, 
and therefore 
fe E E cnccevaresersetereieaisins (61), 


if the origin of z (hitherto arbitrary) be taken at the edge of the 
aperture, The final width of the stream is given by the difference 
of the extreme values of (the velocity being unity), t.e. it is 
equal to 7; and since when s=o, x=1, the abscissa of the 
centre of the stream is 1+47. The width of the aperture is there- 


T 











fore 2 + r, and the coefficient of contraction is 43? or ‘611: 
Again, from (58) or (60) we find 
as = sin 0 = — J1 — e72, 
whence 
] —e-28 
y=J1—e-8—Llog it f arrastoren, (62) 
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The equations (61) and (62) combined give the form of the 
boundary of the issuing jet. They are obtained in the above 
manner by Lord Rayleigh*, who has also given a drawing of 


the.curve in question. 


Since 8 = — log cos 0, the radius of curvature of the boundary 


is os tan 6, and therefore vanishes at the edge. Kirchhoff has 


dé 
shewn that this is a general property of free boundaries. 


97. Hxample 11. Fluid escapes from a large vessel by a 
straight canal projecting inwards. This illustrates one of the cases 


of the tube, spoken of in Art. 31. 


An inspection of Fig. 8, giving the forms of the boundaries in 
the planes of z, w, €, and of a new variable /, will shew that 


Fig. 8. 


Bee 


this case may be obtained from the preceding by merely writing 
/€ tor €, so that we now have 





* Phil. Mag. Dec. 1876. 
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Along the free boundary ~~ =0, ¢>0, we have in the same 
way as before 


or c=1—s—e™%, 


if the origin of a and of s be at the extremity of the fixed wall. 
Also 


whence 





y=—tort+e-*./1l—e-* arcsin e~’, 


the constant of integration being so chosen as to make y =0 for 


s=0. When s= œ, y=—}ł} mr, so that, the final breadth of the 


stream being as before equal to 7, the breadth of the canal is 2r. 
The coefficient of contraction 1s therefore 4. 


This example, the first of 1ts class which was solved, is due to 
Helmholtz (l.c. Art. 92). 


ry 


If in (58) we write ¢°Ħ for ¢ we obtain the solution of the case 
where the inclination a of the walls of the canal has any value 


whatever. 


98. Example 12. A steady stream impinges directly on a 
fixed plane lamina. The region of dead water behind the lamina 
is bounded on each side by a surface of discontinuity at which q is 
(for the moving fluid) constant (say = 1). 


The middle stream-line, after meeting the lamina at right 
angles, branches off into two parts, which follow the lamina to 
the edges, and thence the surfaces of discontinuity. Let this be 
the line for which w= 0, and let us further assume that at the 
point of divergence we have 6=0. The forms of the boundaries 
in the planes of z, ¢, w are shewn in Fig. 9. The region occupied 
by moving fluid corresponds to the whole of the plane of .w; but 
the two sides of the straight line ~~=0, > 0 are internal bound- 
aries. The assumption w =,/w transforms this double line into 
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the axis of absciss#, which may of course be regarded as a circle 
of infinite radius. The rule of Art. 95 then gives 


g- 1\_ Anvw+B 
(E) sgy pD eenen uenee (63). 
Fig. 9. 


a e oe E a ee E Wt iep A 


To determine the constants, we have the conditions 
(a) =- í, for ġ=}o, 
(6) =æ, forw=0; 

to which we add 
(c) €=+41, forw=1. 


The last assumption fixes the breadth of the lamina in terms of the 


unit of length. Of these conditions (a) gives A =—G, (b) gives 
B= D, and (c) makes A = — B*, Hence (63) becomes 





pr) ape 
i Lt ow’ 

a2 DL OO 64). 
or E + yi- NEEE (64) 


If 4 = 0, and ¢ lie between + 1, the right-hand side of (64) is 


* That is, we assume Vw= +1 when ¢= +1, and therefore Vw = -1 for ¿= -1. 
The alternative supposition leads to the same results. 
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real. To find the breadth l of the lamina in terms of the unit of 
length, we have 


To find the excess of pressure on the anterior face of the lamina, 
we have, 


for the moving fluid £ = C- 4 gs 


+ 
, 


and for the dead water a. g. 


Now at the edge of the lamina, we have p=p, q= 1, 80 that 
C = C’ + 4, and the required excess is given by 





PP =3(1-9)). 
p ` 
If we multiply this by dz, and integrate between the limits +1, 
since e : we obtain 
dp q 

or, since 

1 

q 
which = r. 


To make this result intelligible we must get rid of the arbi- 
trary assumptions made for simplicity of calculation. If q, be the 
general velocity of the stream, œ, the value of ¢ at the edge of the 
lamina, we have, instead of (64), 


BENLE 


so that (65) is replaced by 
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and (66) by 


Multiplying (68) by p, and eliminating $,, we obtain for the total 
excess of pressure on the anterior face 


If the stream be oblique to the lamina, making an angle a with 
its plane, the condition (a) is replaced by 


=e“, ford=+o, 
which gives 
A:C=cosa—1:cosat+l; 


(b) is unaltered, whilst (c) is no longer applicable, there being no 


longer symmetry as regards the line ẹ+=0, The former conditions 
however reduce (63) to the form 


€—1\*" K—(1—cosa)/w 
(ai) = =- &+(1+4+cosa)/w’ 


which shews that the value of the remaining constant K only 


affects the scale of w. If we assign to it any real value, we make 
the cusp €=1 of the lune in the plane of ¢ correspond to some 


definite point of the boundary in the plane of w. The simplest 
assumption is K= 1, which gives, after some reduction, 


p= oosa tartay (csat Za) 1 
Vw vw 


For the discussion of this result, and the calculation of the result- 


ant pressure on the lamina we must refer to the paper by Lord 
Rayleigh, already cited (l. c. Art. 96). 


CHAPTER V. 


ON THE MOTION OF SOLIDS THROUGH A LIQUID. 


99. ‘THE chief subject treated of in this chapter is the 
motion of a solid through an infinite mass of liquid under the 
action of any given forces. ‘The same analysis applies with little 
or no alteration to the case of a liquid occupying a cavity in a 
moving solid. We shall consider, though less fully, cases where 
we have more than one moving solid, or where the fluid does not 


extend in all directions to infinity, being bounded externally by 
fixed rigid walls. 


We shall assume in the first instance that the motion of the 
fluid is entirely due to that of the solid, and is therefore charac- 


terized by the existence of a single-valued velocity-potential œ 
which besides satisfying the equation of continuity 


a la EEEE (1) 


fulfils the following conditions: (a) the value of sa dn denoting 


as usual an element of the normal at any point of the surface of 
the solid drawn towards the fluid, must be equal to the velocity of 


the surface at that point normal to itself, and (b) the differential 
coefficients k = = 


— must vanish at an infinite distance, in 


dx’ dy’ dz 
every direction, from the solid. The latter condition is rendered 
necessary by the consideration that a finite velocity at infinity 


would imply an infinite kinetic energy, which could not be gener- 
ated by finite forces acting for a finite time on the solid. It is 


also the condition to which we are led by supposing the fluid 
enclosed within a fixed vessel infinitely large and infinitely dis- 


tant all round from the moving body. For on this supposition 
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the space occupied by the fluid may be conceived as made up of 
tubes of flow which begin and end on the surface of the solid, so 
that the total flux across ‘any area, finite or infinite, drawn in the 


fluid must be finite, and therefore the velocity at infinity zero. 


In the case of a fluid occupying a cavity in a moving solid, 
the condition (b) does not apply; the surface of the cavity is 
then the complete boundary of the fluid, and the condition (a) 
is therefore sufficient. 


We have seen in Arts. 49, 52 that under either of the above 
sets of conditions the motion of the fluid is determinate. Our 
problem then divides itself into two distinct parts; the first or 
kinematical part consisting in the determination of the motion of 
the fluid at any instant in terms of that of the solid, and the 
second, or dynamical part, in the calculation of the effect of the 
fluid pressures on the surface of the latter. 


Kinematical Investigations. 


100. Let us take a system of rectangular axes Ox, Oy, Oz 
fixed in the body, and let the motion of the latter at any time ¢ 
be defined by the instantaneous angular velocities p, qg, r about, 


and the translational velocities u, v, w of the origin O parallel 
to, the instantaneous positions of these axes. We may then write, 


as Kirchhoff does, 


where, as will immediately appear, ¢,, &c., y,, &c., are certain 
functions of x, y, z depending only on the shape and size of the 


solid. In fact, if l, m, n denote the direction-cosines of the normal 
(drawn on the side of the fluid) at any point (a, y, z) of the sur- 
face of the solid, the condition (a) of Art. 99 may be written 


d 
CP (u+ ge — ry) l+ (v +re— pz) m+ (w+ py —ga)n; 


and equating this to the value of ap obtained from (2) we find 








dit 
ad, = l, do, = m do, = A, 
dn dn ? dn (3) 
t PRP AXi lg- na Xs my —1 
dn © dn = dn 4 J 
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The functions ¢,, &c. must of course separately satisfy (1), and 
have their derivatives zero at infinity; the surface-conditions (3) 
then render them completely determinate. 


101. When the motion is in two dimensions (æy) we have 
only three functions to determine, viz. ¢,, ¢,, y,- In the last 
chapter (Arts. 88, 89) general methods for discovering cases in 
which one of these functions is known were given. In any case 
of a liquid filling a cavity in a moving solid it is plain that the 
conditions (3) are satisfied by ¢,, ¢,, $, = x, Y, z, respectively, in 
other words that if the solid have a motion of translation only, the 
enclosed fluid moves as if it formed a rigid mass. We may there- 
fore regard the kinematical part of our problem as solved for the 


cases where the cavity is in the form of an elliptic cylinder, or 
a triangular prism on an equilateral base, for which y, has been 


found *. 


In the more difficult problem of a cylindrical body moving 
through an infinite mass of liquid, the complete solution has been 


obtained for the case where the section of the cylinder is elliptic, 
and for this case only. 


102. The number of cases in three dimensions for which the 


functions ¢,, &c., v,, &c. have been completely determined is very 
small. We give here the chief of them. 


Example 1. An ellipsoidal cavity whose semiaxes are a, b, c. 
If the principal axes of the ellipsoid be taken as axes of co-ordi- 
nates, and A be the perpendicular from the centre on the tangent 
plane at (x, y, z), we have then | 


But also 





* The student will find in Thomson and Tait, Natural Philosophy, Art. 708, 
other forms of cylindrical cavity for which solutions can be obtained. 
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dx, agree provided we put y, = Ayz, and make 


dn 
1 1\ 1 1 
a (pta) TTi 
We have then, finally, 
hb=uxrt vy + wz 


2. n 2 — qa? a? — b? 
+P aU tl ET KARET 

Example 2. A cavity in the form of a rectangular parallel- 
epiped. If the axes of co-ordinates be taken parallel to the edges 
of the cavity, it is plain that the conditions (3) are satisfied by 
making y, a function of y, 2 only, &c., so that the problem be- 
comes one of two dimensions. For the complete solution, effected 
by means of Fourier’s series, we refer the student to Stokes*, or 


to Thomson and Taitt. 


Example 3. An ellipsoid moves in an infinite mass of liquid 
which ıs at rest at infinity. 


These two values of 


This problem, the only one of its class which has been com- 
pletely worked out, was solved by Greenf{ in 1833, for the par- 
ticular case where the motion of the ellipsoid is one of pure 
translation. The complete solution was published by Clebsch§, 
in 1856; it is here reproduced much in the form given to it by 
Kirchhoff||. 


The principal axes of the ellipsoid being taken as axes of co- 
ordinates, let the component attractions which would be exerted 
at the point (a, y, z) by an ellipsoid of unit density, coincident in 
shape, size, and position with the given one, be denoted by X, Y, 
4. It is known that X is the potential of the ellipsoid when 
magnetized uniformly with unit intensity parallel to x negative, 
and therefore that it is the potential of a-distribution of matter, 





of surface-density — ļ¿ over the surface. Hence = is discon- 


dn 


* Camb. Phil. Trans., Vol. vi., pp. 131, 409. 

t Natural Philosophy, Art. 707 (B). 

+ ‘Researches on the Vibratien of Pendulums in Fluid Media,’ Trans. R.S. 
Edin. 1833. Reprinted in Mr Ferrers’ edition of Green’s works, pp. 315 et seq. 

§ Crelle, tt. 52, 53 (1856—7). 

| Vorlesungen über Math. Physik. Mechanik., c. 18. 

T See, as to these points, Maxwell, Electricity and Magnetism, Art. 437. 
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tinuous at the surface; viz. distinguishing by | and E its 


values just outside, and just inside, respectively, we have 


[dX dX) 
B = a yd A (5). 


But at an internal point we have (Thomson and Tait, Art. 522), 





X= — Hi ccccscccccccccaccvcnscececcccese (6), 
where 
F =2mrdbe | a 7 
= TALC R (a? + r)# (8? +r)? (c? +d)? ererer rere ( VF 
a, b, c being the semiaxes of the ellipsoid. Hence 
dX 
eA 
so that (5) gives 
dX 
ab (hee a (3) 


Since X of course satisfies (1), and has its derivatives zero at 


infinity, it is plain that all the conditions of the question are 


satisfied by 
1 


$= pA 





The value of X at an external point (@, y, z) is (Thomson and 


Tait, l. c.), 
= — Qrrabcax | 3 i 


where the lower limit is the positive root of 


I y” 2# 
ean Ban ae 











+A 
We have, in exactly the same way, 


1 1 
$,= yg tT: $ =i H l 








where the values of G, H, Y, Z may be written down from (7) 
and (9) by symmetry. 
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Next let us consider the function 


U =YE— ZL icrcccccccccscccsccccvsenes (10). 


With the same notation as before we find 


dU d dY 


=ny(4rm — H + G) — mz(4r — G + H), 
by formulæ of the same type as (6) and (8). Since 





a constant. Hence all the conditions of the problem are satisfied 
by making 


~ OU “y 
X= EPA +(G-H e+e) © 
where” 
U=—2rabe (b* s c") yaf a (11), 
a (a? HARPE (EHA 


the lower limit being the same as in (9). 


The values of x,, y may be written down from symmetry. 


The student may, as an exercise, prove the equivalence of the 
above formule, in the case where one of the axes of the ellipsoid 


is infinite, to those of Arts. 88 (d) and 89 (c). 


Example 4. In the particular case of a sphere we have 
a=b=c. We then find 


F=4r, X=-—-$—, 





(where 1* = a+ y? + 2°), and therefore 
ara 
o,=-3% 7? 


with similar formulz for ¢,, ¢,. The values of X,» Xz» xX, are zero, 
as 18 obvious a priori. 
8—2 
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The solution in this case may however be obtained ab initio 
by a simpler analysis, as follows*. 


Let OX be the direction of motion of the centre O of the 
sphere at any instant, and V its velocity. Let P be any point of 
the fluid, and let OP =r, and the angle POX =@. It is evident 
that $ will be a function of r, @ only; and we know from the 


theory of Spherical Harmonics that any such function which 
satisfies (1) and has its derivatives zero at infinity can be expanded 


in a series of the form 
$ = const. + _ “; 9, + &e., 


where Q, is the ‘zonal harmonic’ of order n, multiplied by an 
arbitrary constant. The condition which œ has to satisfy at the 
surface of the sphere is 








ap _ 
Ph V cos ð, 
so that, if a be the radius, 
Vos 6 =— 92% _ —?— &e 
awa 
Hence — an = V cos 0, 
and Q, =Q., =Q, = &e. = 0. 


We have then finally 


$ = const. — $ £ 


7“ 


It is easy to verify the fact that this value of @ really satisfies 
all the conditions of the problem. 





If we impress on the whole system—the moving sphere and 
the fluid—a velocity — V, in the direction OX, we have the case 
of a uniform stream of velocity V flowing past a fixed spherical 


obstacle. The velocity-potential is then got by adding the term 
— Vr cos @ to (12), so that we now have 


$ = const. — V(r -+ +5) cos 8. 


* This solution, generally attributed by continental writers to Dirichlet (Monats. 
berichte der Berl. Akad. 1852), was given by Stokes, Camb. Trans. Vol. vii. (1843), 
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103. A method similar to that of Art. 88 has been employed 
by Rankine* to discover forms of solids of revolution (about <æ 


say) for which ¢, is known. When such a solid moves parallel to 
its axis the motion generated in the fluid takes place in a series 
of planes through that axis and ıs the same in each such plane. 
In all cases of motion of this kind there exists a stream-function 
analogous to that of Chapter Iv. If we take in any plane 
through Ox two points A and P, A fixed and P variable, and 
consider the annular surface generated by the revolution about x 
of any line AP, it is plain that the quantity of fluid which in 
unit time crosses this surface is a function of the position of P, 
1.€. it 18 a function of x and w, where æ denotes the distance of 
P from Ox. Let this function be denoted by 27. The curves 
v= const. are evidently stream-lines, so that ẹ may be called the 
‘stream-function. If P' be a point infinitely close to P in the 
above-mentioned plane, we have from the definition of 4r 


, dard 
fluid. velocity normal to PP = 5-5 Pp? 


and thence, taking PP’ parallel, first to w, then toa, 
anor LOW cccssscansexese(18), 


u=—>-, v=--—-—= 


= Jr 


where u, v are the components of fluid velocity parallel to x and a 
respectively. 


For the case of the sphere, treated in Art. 102, we readily find, 
by comparison of (12) and (13) 





So far we have not assumed the motion to be irrotational. 
The condition that it should be so, is 


which reduces to 








* Phil. Trans. 1871. 
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The differential equation satisfied by ¢ now assumes the form 





This may be derived by transformation from (1), by writing 
y= w cosh, z=asinJ, 


and remembering that @ is now independent of 0, or by repeating 
the investigation of Art. 12, taking, instead of the elementary 


volume dxdydz there considered, the annular space generated by 
the revolution about x of the rectangle drdaw. It appears that $ 


and W are not, as they were in Chapter IV., interchangeable, 


104. Rankine’s procedure is then as follows. Supposing the 
solid to move parallel to its axis with velocity V, we have at all 
points of a section of its surface made by a plane through Oz, 


dy 


= velocity in direction of normal 
as 


ds denoting an element of the said section. 


Integrating along the section, we find 


If in this equation we substitute any value of w satisfying (15), 
we obtain the equation of the meridional section of a series of 


solids of revolution, any one of which would when moving parallel 
to its axis produce the system of stream-lines corresponding to the 
‘assumed value of y. 


In this way may be verified the value (14) of 4} for the case of 
a sphere. : 


Dynamical Investigations. 


105. The second part of the problem proposed in Art. 99 
is the determination of the effect of the fluid pressure on the 
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surface of the solid. The most obvious way of doing this 1s, first 
to calculate p from the formula 


5 = const. — 7 -a (vel)? .....c.cceeeeeeee( 18), 


and then to find the resultant force and couple due to the pressure 
p acting on the various elements dS of the surface by the ordinary 
rules of Statics. We will work out the result for the simple case 
of the sphere, starting from the value of @ given by (12). Since 
the origin to which ¢ is there referred is in motion parallel to OX 
with velocity V, whereas in (18) the origin is supposed fixed, we 


must write, instead of ag 





dt ’ 
do _ do 
dt da’ 
where z=rcos@. Now 
db _ dd o dọ . 4 Ka z 
qem dr cos @ dé sin @ = 0 — 4 sin’ 6), 
and. 
(vel.)? = (=?) + (55) kair ih (cos? 6+ 4 sin’ 0). 


The whole effect of the fluid pressure evidently reduces to a force 


in the direction. OX. The value of p at the surface of the 
sphere 1s- 
p= const. + dpa “cos 0+ &c., 

the remaining terms being the same for surface-elements in the 
positions 0 and r — 0, and therefore not affecting the final result. 
Hence if V be constant, the pressures on the various elements 
of the anterior half of the sphere are balanced by equal pressures 
on the corresponding elements of the posterior half; but when the 
motion of the sphere is being accelerated there 1s an excess of 
pressure on the anterior, and a defect of pressure on the posterior 
half. The reverse holds when the motion is being retarded. The 


total effect in the direction of V, is 


- | 2ra sin 0. ad . p cos 0, 
0 


120 ON THE MOTION OF SOLIDS THROUGH A LIQUID. [CHAP. V. 


which is readily found to be equal to — 37rpa’ qr om 4M’ WE? 
if M denote the mass of fluid displaced by the sphere. 


If we suppose that the sphere started from rest under the 
action of a force X constant in direction, so that the centre moves 
in a straight line, the equation 1s 





or ETIU Oe Se Te eee (19). 


The sphere therefore behaves exactly as if its inertia were 1n- 
creased by half that of the fluid displaced, and the surrounding 
fluid were annihilated. 


We have assumed throughout the above calculation that the 
motion of the sphere is rectilinear. It is not difficult to extend 
the result to the case where the motion is of any kind whatever. 
This is effected however more simply by the method of the next 
article. 


The same method can be applied with even greater ease to the 
case of a long circular cylinder, for which the value of $ was ob- 
_ tained in Art. 86. It appears that the effect of the fluid pressure 
is in that case to increase the inertia of the cylinder by that of 
the fluid displaced exactly. 


The practical value of these results, and of similar more general 
ones to be obtained below, is discussed in note (E). 


106. The above direct method of calculating the forces exerted 
by the fluid on the moving body would, however, in most cases 
prove exceedingly tedious. This difficulty may be avoided by a 
method, first used by Thomson and Tait*, which consists in treat- 
ing the solid and the fluid as forming together one dynamical 
system, into the equations of motion of which the mutual re- 
actions of the solid and the fluid of course do not enter. Asa 


* Natural Philosophy, Art. 331. 
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very simple example of this method we may take the case of the 


rectilinear motion of a sphere, which has been already investigated 
otherwise. By the formula of Art. 65, the kinetic energy of the 


fluid 


which in our case 


=-4 | p= z . 2ra sin 0 .ad0 


- rpa’ y? | “086 . sın dô, 
0 
by (12), or finally 442’ V*. Hence the total energy of the system 
18 

4 (M +4M) V’. 


The rate at which this is increasing, 2.e. 


M+, 


must be equal to XV, the rate at which the impressed force X 
does work. Discarding the common factor V we are led again to 


the equation (19). 


107. In the general case the motion of the fluid at any 
instant depends, as we saw in Art. 100, only on the values of the 
quantities u, v, w, p, q,r used to express the motion of the solid ; 
so that the whole dynamical system is virtually one of six degrees of 
freedom, although it differs im some respects from the kind of system 
ordinarily contemplated in Dynamics. Thomson* and Kirchhofff 
have independently shewn how a system of the peculiar kind here 
considered may be brought under the application of the ordinary 
methods of that science. We shall, in what follows, adopt Thom- 
son's procedure, with some modifications, 


Whatever be the motion of the fluid and solid at any instant, 
we may suppose it produced instantaneously from rest by the 


* Phil. Mag. November, 1871. 
t Crelle, t. 71. See also Vorlesungen über Math. Physik, Mechanik. c. 19. 
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action of a properly chosen set of impulsive forces applied to the 
solid. This set, when reduced after the manner of Poinsot to a 
force and a couple whose axis 1s parallel to the line of action of 
the force, constitute what Thomson calls the ‘impulse’ of the motion 
at the instant under consideration. We proceed to shew that 
when no external impressed forces act the impulse 1s constant in 
every respect throughout the motion. 


108. The moment of momentum of a spherical portion’ of the 
fluid about any line through its centre is zero; for this portion 
may be conceived as made up of circular rings of infinitely small 
section having this line as-a common axis, and the circulation in 
each such ring 1s zero. 


In the same way the moment of momentum of a portion of 
the fluid bounded by two spherical surfaces about the line joining 
the centres 1s zero. 


The moment of the impulse at any instant about any line 1s 
equal to the corresponding moment of momentum at that instant 
of the whole matter contained within a spherical surface having 
its centre in that line and enclosing the moving solid; for if we 
suppose the motion generated: instantaneously from rest, the only 
forces which, besides those constituting’ the impulse, act on the 
mass in question are the impulsive pressures on the spherical 
boundary. Since these act in lines through. the centre, they do 
not affect the moment of momentum. 


It is, as was pointed out in Art. 99; immaterial whether we 
simply suppose the fluid to extend to infinity and to be at rest 
there, or whether we suppose 1t contained in an infinitely large 
fixed rigid vessel which 1s infinitely distant in all directions from 
the moving solid. The motion of the fluid within a finite distance 
of the solid, and therefore the forces exerted by it on the latter, 
are the same in the two cases. If we now suppose the infinite 
containing vessel to be spherical in shape, and to have its centre 
at any point P within a finite distance of the solid, the moment 
of momentum of the included mass about any line through P 1s, 
as we have just seen, equal to the moment of the impulse about 
the same line. The same reasoning shews that if there be no 
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external impressed forces this moment of momentum is constant 
throughout the motion. Hence the moment of the impulse about 
any line through P is constant. Since in this argument P may 
be any point within a finite distance of the solid, it follows that 
the moment of the impulse about any line whatever is constant. 


This cannot be the case unless the impulse ıs itself constant in 
every respect. 


We see in the same way that if any external impressed forces 
act on the solid, the moment of the impulse about any line 1s 
increasing at any instant at a rate equal to the moment of these 
forces about the same line. 


The above are somewhat modified proofs of theorems first 
given by Thomson*. It should be noticed that the reasoning still 


holds when the single solid is replaced by a group of solids, which 
may moreover (if of invariable volume) be flexible instead of rigid, 
and even when these solids are replaced. by portions of fluid moving 
rotationally. 


109. The ‘impulse’ then varies in consequence of the action 
of the external impressed forces in exactly the same way as the 
momentum of any ordinary dynamical system does. To express 
this result analytically let E, n, E; A, u, v denote the components 
of the force- and couple-constituents of the impulse; and let 
X, Y, Z; L, M, N designate in the same manner the system of 
external impressed forces. The whole variation of & n, & &c., 
due partly to the motion of the axes to which these quantities 
are referred, and partly to the action: of the forces X, Y, Z, Xc., 
is then given by the formulæ f: | 





d dn } 

=n — 9 +X, oe en Uo Hm g+ L, 

ol opt- r+ Y, Mul — we + py— rd +M, oer (20) 
df dv 


* On Vortex Motion. 
t See Hayward, Camb. Trans. Vol. x. 
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When no external forces act, these equations have the first 
integrals 
EP +»? + f° = const., 
AE+ pn t+ vF = const., 


of which the first and second together express the fact that the 


magnitudes of the force- and couple-constituents of the impulse 
are constant, and the third the fact that the whole energy of 
the motion is constant. 


110. It remains to express &, n, &, &c. in terms of u, v, w, &c. 
In the first place let @ denote the kinetic energy of the fluid 


alone, so that 
d 
= -effo zas 


where the integration extends over the whole surface of the 
moving solid. Substituting in this formula the value (2) of d, we 
get for 2@ an expression of the form 


2T = Aw + Bu? + Cw? + 2A’vw + 2B’ wut 2C uv 
+ PpP + Q¢ + Rr + 2P’or+ 2Q'rp + 2P’pgq 
+2p(Lu + Mv+ Nw) 


2G, 





where A, B, C, &c. are certain constant coefficients whose values 
depend only on the form of the solid, and on the position of the 


axes of co-ordinates relative to the solid; viz. we have 
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the transformations being effected by the use of (3) and of a 


particular case of Green’s theorem. These expressions for the 
coefficients are due to Kirchhoff. 


The kinetic energy, © say, of the solid alone is also given by 
a quadratic function of u, v, w, &c., in which however A, B, C are 
each equal to the mass of the solid, whilst A’, B, C, L, M, N, &c. 
all vanish. The total energy @ + @ (= T, say,) of the system is 
therefore given by a formula of the same form as (21). Except 
when otherwise indicated we shall suppose A, B, C, &c. to stand 
for the coefficients in the expression for twice this total energy. 


111. The only form of solid for which the coefficients in 


the expression (21) for 2@ have been actually determined is the 
ellipsoid. We readily find 





where the notation is the same as in Art. 102, Ex. 3. The values 


of B, C, Q, R may be written down from symmetry; those of the 
remaining coefficients are all zero. See Art. 116 (d). Since 


it appears that if a>b>c, then A <B<(C, as might have been 
anticipated. 


112. When in any dynamical system the expression for the 
kinetic energy in terms of the velocities is known, the values of 
the component momenta can be derived by a perfectly general 
process. For this we must refer to books on general Dynamics*. 
Applied to our case it gives 


entaus iT dT dT dT dT a 
h > M h Y= Tua? do’? dw’ dp’ dq’ dr 


. respectively. These formule are readily deduced from those 
which relate to a perfectly free rigid body by supposing the 





...(23), 


* See Thomson and Tait, Nat. Phil. Art. 318, or Maxwell, Electricity and 


Magnetism, Part rv.c.5. An outline of the process adapted to our case is given in 
Note (C). 
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motion at any instant generated impulsively from rest, and cal- 
culating the effect of the impulsive fluid pressures on the surface 
of the solid. For instance, the resultant impulsive force parallel 
to x due to this cause is 


2.€. by (2) and (22), 
—(Au+ Cv+Bw+ilp+l/q+ L'r), 
Gf A, B, C, &c. be supposed for a moment to refer to the fluid 


only), or — =., Hence 
= = momentum of solid parallel to z, (by ordinary Dynamics) 


= total impulse in same direction 








and in the same way the rest of the formule (23) may be verified. 


113. The equations of motion (20) may now be written in 


the form 
d dT dT aT 7 
Ti du Ty lgt A 
&c., &C., ’ 


We can at once derive some interesting conclusions from these 


equations, in the case where no external forces act. In the first 
place Kirchhoff has pointed out that (24) are then satisfied by 


P, q, r =Q, and u, v, w constant, provided we have 


dT dT. ar. 


“—— | tS | Sen l U, 
du dv dw i 
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t.e. provided the velocity of which «, v, w are the components be 
in the direction of one of the principal axes of the ellipsoid, 


Ax’ + By’ + C2? + 2A'yz + 2B'2x + 2C’xy = const. 


There exist then for every body three mutually perpendicular 
directions of permanent translation; that is to say, if the body 
be set in motion parallel to one of these directions, without ro- 
tation, and then left to itself, ıt will continue to move in this 
manner. It will be seen that these directions are determined by 
the ratio of the mean density of the solid to the density of the 
surrounding fluid and by the form of the body's surface. The 
impulse necessary to produce motion in one of these directions 
does not in general reduce to a single force; thus if the axes 
of co-ordinates be chosen, for convenience, parallel to these 
directions, so that A’, Bb’, C’=0, we have corresponding to the 
motion u alone 
£= Au, n=0, C=0; 


A= Lu, w=0, v=0; 


so that the impulse consists of a wrench* of pitch : l 

114. The above, although the simplest, are not the only 
steady motions of which the body is capable (under the- action 
of no external forces). The instantaneous motion of the body at 
any instant consists, by a well-known theorem of Kinematics, of a 
twist about a certain screwy; and the condition that this motion 
should be permanent 1s that it should not affect the configuration 
of the impulse (which is fixed in space) relatively to the body. 
This requires that the axes of the screw and of the corresponding 
impulsive wrench should coincide. Since the general equations 
of a straight line involve four independent constants, this gives 
four relations to be satisfied by the five ratiosu:v:w:p:q:t. 


* A ‘wrench’ is a system of forces supposed reduced after the manner of Poinsot 
to a force and a couple having its axis in the direction of the force. Its ‘pitch’ is 
the line which is the result of dividing the couple by the force. See Ball, Theory 
of Screws. 

t A ‘twist’ is the most general motion of a rigid body, equivalent to a translation 
parallel to some axis combined with a rotation about that axis. Its ‘pitch’ is the 
linear magnitude which is the ratio of the translation to the rotation. Ball, 
Theory of Screws. 
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There exists then for every body, under the circumstances here 
considered, a simply-infinite system of possible steady motions. 


Of these the next in importance to the three motions of per- 
manent translation are those in which the impulse reduces to a 
couple only. The equations (20) or (24) are satisfied by &, 7, €=0, 
and A, u, v constant, provided 


If the axes of co-ordinates have the special directions adopted in 
Art. 113, the conditions &, 7, €=0 give us at once u, v, w in terms 
of p, q, r, V1Z. 

Lp + Lq L'r 
EDS Se 


i= 


r BC, EC. senii (26). 


Substituting these values in the expressions for A, u, v obtained 
from (23), we find 





dO dO d® 
À dp’ eda? Oe ee Cec ccrcccseccces (27), 


where 


20 = Pp + Chg’ + Wr? + 299’gr + 2Q'rp + 2R pq.. ...(28); 


the coefficients in this expression being determined by the formulz 





These formule hold for any case in which the force-constituent 
of the impulse is zero. Introducing the conditions (25) for steady 
motion, we have to determine p : q : r the three equations 


Bo +Mqt+Qr=kp, 
Rp + Bg EBri (29). 


Ch'p+ 3)’ + Wr = kr 


The form of (29) shews that the line whose direction-ratios are 
p:q:ris parallel to one of the principal axes of the ellipsoid 


© (x, Y, Z) = COMSE. .o.ccccccceccceesece (30). 
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There are therefore three permanent screw-motions such that the 
corresponding impulsive wrench in each case reduces to a couple 
only. The axes of these three screws are mutually at right angles, 


but do not in general intersect. 


115. We will now shew that in all cases where the impulse 
consists of a couple only, the motion can be completely determined. 


It, is convenient, retaining the same directions of the axes as before, 
to change the position of the ongin. To transfer the origin to 


any point (x, Y, z) we must write | 
uU+ry—qz, Vtps—Trxr, w+qxr— py 


for u, v, w, respectively. We have then in the expression for the 
kinetic energy 


new M”= — Bx + M", new N’= Ox + N’, &c., 


so that if we make 


M” N’ N L’ LD M 
B -T 2y =; — => 2z =— — > isiti (31), 


we have, in the new expression for 2T, 


MON NE YM 
B C’ C A’ A B 

Let us denote the values of these pairs of equal quantities by 
a, B, y respectively. The formule (26) may then be written 


22 = 











dV dY dY 
“=-— dp’ da? W a TETEE TET (32), 
where r 
Y -2p rd q+ or + 2agr + 28rp + 2ypq...... (33) 


The motion of the body at any instant may be conceived as made 
up of two parts;—a motion of translation equal to that of the 
_ origin, and one of rotation about an instantaneous axis passing 
through the origin. The latter part is to be determined by the 


, equations 


om = ray &e., &e., 
dd® dO dO 
or — =r- 
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These are identical in form with the equations of motion of a rigid 
body about a fixed point, so that we may make use of Poinsot's 
well-known solution of the latter problem. The angular motion- 


of the body is therefore obtained by making the ellipsoid (830), 
which is fixed in the body, roll on the plane 


Ax + wy + vz = const., 


which is fixed in space, with an angular velocity proportional to 
the length Ol of the radius vector drawn from the origin to the 
point of contact J. The representation of the actual motion is 
then completed by impressing on the whole system of rolling 
ellipsoid and plane a velocity whose components are given by (32). 
The direction of this velocity is that of the normal OM to the 


tangent plane to the quadric 
1 E EF TETO (34), 


at the point P where O/ meets this quadric, and its magnitude is 


e? 


OP. OM 


If OI do not meet (34), but the conjugate quadric obtained by 
changing the sign of e, the sense of the velocity (35) is reversed. 


x angular velocity of body......... (35). 


116. Of course for particular varieties of the moving solid the 
expression for 2T becomes greatly simplified. For instance: 


(a) let us suppose that the body has a plane of symmetry 
as regards both its form and the distribution of matter in its in- 


terior, and let this plane be taken as that of zy. It is plain that 
the energy of the motion 1s unaltered if we reverse the signs of w, 
p, q, the motion being exactly similar in the two cases. This re- 
quires that 4’, B’, P, Q, L, M, L’, M’, N” should vanish. One 
of the directions of permanent translation is then parallel to z. 
The three screws of Art. 114 are now pure rotations; the axis of 
one of them is parallel to z; those of the other two are at right 
angles in the plane æy, but do not in general intersect the first. 


(b) If the body have a second plane of symmetry, at right 
angles to the former. one, let this be taken as the plane of zz. 
We find in the same way that in this case the coefficients 
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C’, R, N, L” also must vanish, so that the expression for 2T 
assumes the form 


2T = Aw + Bu? + Cw" 
+ PpP +Q + Rr’ 


The directions of permanent translation are parallel to the three axes 
of co-ordinates. The axis of x is the axis of one of the permanent: 


screws (now pure rotations) of Art. 114; and those of the other 
two intersect it at right angles (being parallel to y and z re- 
spectively), though not necessarily in the same point. 


(c) If, further, the body be one of revolution, about 2, say, 
the value of 2T given by (85) must be unaltered when we write 
v, q, — w, —r for w, r, v, q, respectively; for this 1s merely equi- 
valent to turning the axes of y, z through a right angle. Hence 
we must have B= C, Q= k, M” = — N’. If we further transfer 
the origin to the point O of Art. 115 we have M” = N’. These 
conditions can be satisfied only by M” =0, N’ =0, so that 


2T = Aw + Biv’ + w’) 
+ Pp’ + QË FHT) seose beebvoscccecos (37). 


(d) If in (b) the body have a third plane of symmetry at 
right angles to the two former ones, then taking this plane as that 


of yz we have, evidently, 
9T = Au? + Bv + Cw" 


The axes of co-ordinates are in the directions of the three permanent 
translations; they are also the axes of the three permanent screw- 
motions (now pure rotations) of Art. 114. 


© (e) Next let us consider another class of cases. Let us sup- 
pose that the body has a sort of skew symmetry about a certain 
axis (say that of æ), viz. that it is identical with itself turned 


through two right angles about this axis, but has no plane of sym- 
metry*, The expression for 2T must be unaltered when we 


* A two-bladed screw-propeller of a ship is an example of a body of this kind. 
9— 2 
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change the signs of v, w, q, r, so that the coefficients B, C, Q, F, 
M, N, L, L” must all vanish. We have then 


IT = Av? + Bu’? + Cu? + 2A’vw 


The axis of a is one of -the directions of permanent translation ; 


and also the axis of one of the three screws of Art. 114, the pitch 
OT E 


being — 7 The axes of the two remaining screws intersect it 


at right angles, but not in general in the same point. 


(f) If, further, the body be identical with itself turned 
through one right angle about the above axis*, the expression (39) 


must be unaltered when v, q, —w,—7 are written for w, r, v, g, 
respectively. This requires that B = C, A= 0, Q=R, P= QO, 
M’= N”, N'=— M”. If we further transfer the origin to the point 


chosen in Art. 115 we must have V’=J/”, and therefore N’ = O, 
M” = 0. Hence (39) becomes 


2T = Au’ + B(v’ tuw’) 


(g) Ifthe body possess the same properties of skew symmetry 
about an axis intersecting the former one at nght angles, we 
evidently must have 


2T = A (u* + v7 + w’) 


Any direction 1s now one of permanent translation, and any line 
drawn through the origin is the axis of a screw of the kind con- 


L 


sidered in Art. 114, of pitch -7 The form of (41) is unaltered 


by any change in the directions of the axes of co-ordinates. 


* Some four-bladed screw-propellers are examples of bodies of such forms, 
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117. In the case (c) of a solid of revolution, the complete 
determination of the motion (when no external forces act) has been 


shewn by Kirchhoff* to be reducible to a matter of quadratures. 


The particular case where the solid moves without rotation 
about its axis of symmetry, and with this axis always in one plane 


(i.e. when p =0, g=0), has been examined at length by Thomson Tt 
and Kirchhoff{. The equations (24) then become 


AŽ! =rBv, BË = —rAu, 
dt dt 
dr 


As =(A — B)w. 


Let X, Y be the co-ordinates at any instant of the moving origin 
relatively to axes fixed in space in the plane zy, the direction of X 
being that of the resultant impulse J of the motion; and let @ 


denote the angle (measured in the positive direction) which æ 
makes with X. We have then 


Au=Icos@, Bu=—Tsin@, r=6. 


The first two of equations (42), which merely express the fixity of 
the direction of the impulse in space, are satisfied identically; the 


third gives 
A-B 
AB 





RÖ + I’ sin 0 cos 0 = Q, 


or, writing 20 = 9, 
> (A-B)F 
+- ABR 


the equation of motion of a common pendulum. When‘ has been 
determined so as to satisfy (43) and the initial conditions, X and Y 
are to be found from the equations 


sin Y = 0........ssee eee ee (43), 


1 1l 1 1 
X =u cos Ov sind = 31(4+ 5) + 41(4— 5) 008: 


(44), 
1 1l hy 
Y= usin +vcos9=41 (3-5) j 
the second of which gives 
FeSi 
== T Yə 


* Crelle, t. 71. Ueber die Bewegung eines Rotationkorpers in einer Flüssigkeit, 
t Thomson and Tait, Natural Philosophy, Art. 332, 
+ it 
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the additive constant being zero if the axis of X be taken 
coincident with, and not merely parallel to, the axis of the 


impulse Z. 


The exact solution of (43) involves the use of elliptic functions. 
The nature of the motion, in the various cases that may arise, 1s 
however readily seen from the theory of the simple pendulum. 
For a full discussion of it we refer to Thomson and Tait, Arts. 333, 


et seq. 


It appears from (43) that the motion of the solid parallel to its 


axis is stable or unstable according as 4 > B. Since A denotes 
twice the kinetic energy of the solid moving with unit velocity 
parallel to its axis, and similarly for B, 1t is tolerably obvious that 
if the solid resemble a prolate ellipsoid of revolution A < B, whilst 


the reverse is the case if it resemble an oblate ellipsoid. Compare 


Art, 111. 


The above analysis applies equally well to the somewhat more 


general case (b) of a body with two mutually perpendicular planes 
of symmetry, when the motion is altogether parallel to one of 


these planes. If this plane be that of xy we must suppose the 


origin transferred to the point (= , 0, 0) > if it be that of xz, 





to the point E 0, 0) : 


118, The question of the stability of the motion of a body 
moving parallel to an axis of symmetry is more simply treated 
by approximate methods. Thus, in the case (d) of a body with 
three planes of symmetry, and slightly disturbed from a state of 
steady motion parallel to w, we have, writing uw=c+w’, and 
assuming u, v, w, p, q, r to be all small, 
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with a similar equation for 7, and 


with a similar equation for g. The motion is therefore stable only 
if A be greater than either B or C. It appears from Art. 111 that 
the only direction of stable motion of an ellipsoid is that of its 
least axis. For practical illustrations of this result see Thomson 


and Tait, Art. 336. 


119. If in (24) we write T=% + U, and separate the terms 


due to T and @ respectively, we obtain expressions for the forces 
exerted on the moving solid by the pressure of the surrounding 
fluid; viz. we have for the total component (X, say,) of the fluid 
pressure parallel to x 





The forms of these expressions being known, it is not difficult to 
verify them by direct calculation from the formula (18). We should 
thus obtain an independent though somewhat tedious proof of the 


general equations of motion (24), 


If the body be constrained to move with a uniform velocity of 
translation, the components of which, relatively to the axes of 


Art. 113, are vu, v, w, we have X, 3, Y = 0, so that the effect of 
the fluid pressure is represented by a couple whose components 


are 
, L=(B-C)w, S= (0-— Awu, R= (A —B)uv...(45). 


The coefficients A, B, C in the expression for 2T differ from those 
in the expression for 2@ only by the addition of the mass of the 


solid, so that it is immaterial in (21) which set of coefficients we 
understand by these symbols. 


If we draw in the ellipsoid 
Ax’ + By? + Cz? = const. eeren, (46), 
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a radius-vector r in the direction of the velocity (u, v, w) and 

erect the perpendicular A from the centre to the tangent plane 

at the extremity of r, the plane of the above couple is that of h 
A = 


and r, and its magnitude is proportional to sin Ar directly, and 
to A inversely. Its tendency is to turn the body from r to A. Let 
us suppose that A, B, C are in order of magnitude, and that the 
direction of the velocity (u, v, w) deviates but slightly from that 
of one of the principal axes of (46). If this axis be that of x, 
the tendency of the above couple is to diminish, and if that of 
z, to increase the deviation ;- whilst in the case of a slight deviation 
from the axis of y the tendency of the couple depends on the 


position of r relative to the principal circular sections of (46). 
Compare Art. 118. 


Case of a Perforated Solid. 


120. If the moving solid have one or more apertures or per- 
forations, so that the space external to it is multiply-connected, 
the fluid may have a motion independent of that of the solid, viz. 
a cyclic motion in which the circulations in the various non-evanes- 
cible circuits which can be drawn through the apertures may 
have any values whatever. We will briefly indicate how the 
foregoing methods may be adapted to this case. Let x,, x 
be the values of the circulations in the above-mentioned circuits, 
and let do,, do,,... be surface-elements of the corresponding 
barriers necessary (as explained in Art. 54) to reduce the region 
occupied by the fluid to a simply-connected one. Further, let 
l, m, n denote the direction-cosines of the normal drawn towards 
the fluid at any point of the surface of the solid, or drawn on 
the positive side at any point of a barrier. We may now write 


| p = up, + up, + wo, t PX, + dX, + r Xs + K0, + KW, + . (47). 


The functions ¢, y are determined by the same conditions as 
before. To determine w, we have the conditions 


a) that it must satisfy y*w, = 0 throughout the fluid; 
y V o, 8 


(b) that its derivatives must vanish at infinity ; 


(c) that os = (0 at the surface of the solid; and 
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(d) that w must be a monocyclic function, the cyclic 
constant being unity; viz. the increment of the function must 
be unity when the point to which it refers describes a circuit 


cutting the first barrier once and once only, and zero when the 
point describes a circuit not cutting this barrier. 


It appears from Art. 62 that these conditions completely de- 
termine w,, Save as to an additive constant. 


The energy of motion of the fluid is given by Art. 67, viz. 
we have 


Substituting the values of $ 7 - from (47) we obtain a homo- 


geneous expression of the second degree 1D U, V, W, oee, Kip Koy soea 
This expression consists of three parts. The first 1s a homogeneo 
quadratic function of u, v, w, p, q, r, the coefficients in which are 
given by the same formule asin Art. 110; the second part consists 
of products of u, v, w,... mto x, «,-..; whilst the third part is a 
quadratic function of the coefficients x. The coefficients of the 


second part all vanish. Thus the coefficient of wx, is 


.and to see that the value of this expression is in fact zero, we 
have only to compare (30) and hans of Art. 66, waung d=¢., 
dr =w,, and therefore «,=«,=...=0, K =1, x =x, =...=0. 
The coefficients of the TOF ais are bani as follows.. We have 





by another simple application of Thomson’s extension of Green's 
theorem. 
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Hence the total energy is obtained by adding to the right-hand 
side of (21) an expression of the form 


where 











121. The impulsive forces necessary to produce from rest 
the actual motion at any-instant now consist partly of impulsive 
forces applied to the solid, and partly (as explained in Art. 61) 
of impulsive pressures px,, pk, &c. uniform over the several 
membranes which are supposed for a moment to occupy the 
positions of the barriers above-mentioned. The components of 
the force- and couple-resultants of the first set, we denote by &,, 
ns E, and 2X,, H, v, respectively; those of the force and couple 
equivalent to the second set by &,, 7,, ¢,, and N, H, vae By the 
‘impulse’ of the motion at any instant we shall understand the 
force and couple equivalent to both these sets combined, so that 


if E, n, E; `, p, v be its components, we have 


E= E +E, &., &c., 
N=A,+A,, &c., Ke. 


If we use the term ‘impulse’ in this sense, the reasonmg of 
Art. 108 and consequently the equations of motion (20) will still 
hold. The formule (23), however, connecting Z, n, ¢, &c. with 7’ 


require correction. 


By the same reasoning, and with the same notation as in 
Art. 112, we have 
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dQ’ 
=r, + p||(ug, + + Kw, + ) Xi ag 
B d dy, 
=u- +m, | w, a dS + &c.; 
so that 
f= 5 — px, w, Pi ds— &e, 
_ at dy, 
m= P] w, 7 dS — &c 





ad, ry_ [[ ad, dX, gg [[ xX: 
Jams] T dove Ja T=) E do,, &e, 
so that we may also write 

£= 

À, = 





Again, by Statics, 


g = px, | ldo, + &c,, 


Ao = pK, | | (ny — mz) do, + &c., 


whence finally, 


with similar expressions for thé remaining components of the 
impulse. We have here written for shortness 
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It is plain that £, m Co `» Myo» Yẹ are the components of the 
impulse of the cyclic fluid motion which remains when the solid is 
(by forces applied to it alone) brought to rest. 


122. As a simple example we may take the case treated by 
Thomson*; viz. where the solid is a circular ring (of any form of 
section), and has therefore only one aperture. If we take the axis 
of the ring as axis of x, we see by the same reasoning as in Art. 
116 that if the situation of the origin in this axis be properly | 


chosen we may write 


oT = Au? + BU +0) 


ig 


+ Pp’ +R +7”) 
+K. 
Hence E= Aut &, n = Bo, C= Bw, 
A = Pp, p = Qq, v= hr 
The fourth of equations (20) then gives 7 = 0, or p = const. as 1s 


obviously the case. Let us suppose that p = 0, and that the ring 
is slightly disturbed from a state of steady motion parallel to its 
axis. In the beginning of the disturbed motion v, w, q,r are small 
quantities whose squares and products we may neglect. The first 


du 


of (20) then gives a= 0, or u = const., and the remaining equations 
become 
dv dq 
Bo =-(4u+£)r, QH=-{(4-B)u+ Ew, 
dt dt 
dw dr 


Exactly the same equation is satisfied by w. It is therefore 
necessary and sufficient for stability that the coefiicient of v on the 


* Phil. Mag. Noy. 1871. 
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right-hand side of (48) should be negative ; and the time of a small 
oscillation, in the case of disturbed stable motion, 1s 
BQ, i 


| FENA BB 


123. The general equations of motion of the ring are also 
satisfied by Æ, 7, &, A, #=0, and v constant. We have then 


u = — > r = const. 


The motion of the ring is then one of uniform rotation about an 
axis in the plane yz parallel to that of y, and at a distance - 


from ıt. 


Case of two or more moving solids. 


124. The foregoing methods fail when we have two or more 
moving solids, or when the fluid does not extend in all directions 
to infinity, being bounded externally by fixed rigid walls. In such 
cases we may suppose the position at the time ¢ of each moving 
solid to be defined by means of six ‘co-ordinates,’ in the manner 
explained in treatises on Kinematics. It ıs easy to see that @ 
must be a linear function of the rates of variation of these co- 
ordinates (in other words, of the ‘generalized velocity-components’ 
of the system), and thence that the kinetic energy of the system 
is, as in Art. 110, a homogeneous quadratic function of these 
generalized velocities, with however the important change that the 
coefficients in this function are not constants, but themselves func- 
tions of the co-ordinates of the system. The equations of motion 
are then most conveniently formed by Lagrange’s method *, the 
applicability of which to systems of the peculiar kind here con- 
sidered requires however to be in the first place established fF. 


The accompanying references will be of service to the reader 
who wishes to pursue the study of the general problem in the 
manner indicated. We content ourselves here with the discussion 

* See Thomson and Tait, Art. 329. 


t See Thomson, Phil. Mag. May, 1873, and Kirchhoff, Vorlesungen iiber 
Math. Physik. Mechanik, c. 19, § 1. 
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of a very simple case in which the forces acting on the solids can 
be readily calculated by the direct method. 


125. Let us suppose that we have two spheres_in motion in 
the line Joining their centres A, B. Let u be the velocity of the 
first in the direction AB, v that of the second in the direction BA. 
Further, P being any point of the fluid, let 


PA =r, PB =s, 
z PAB=0, s4PBA=y; 


also let a, b be the radii of the spheres and c the distance AB of 
their centres. Ifthe sphere B were absent, and its place occupied 


by fluid, the velocity-potential ¢, due to the sphere A alone would 
be, by Art. 102, 


d,=—4 ue cos 0. 
To find the value of ¢, in the neighbourhood of B we have 
1? =c" — 2cs cosy + 8°, 


r cos 0 =c — s cosy, 
so that 


g 73 
ani e (1 - = cos x) (1-25 cos X + =: 


* 
=~ 4S (142! cos y -+ A p ami =+ &e. ) ‘ 





This gives at the surface of B, 
dd, ua o 3 cos? ay t ) 
ein 45S (2e Sy+2. 3 + &c. z 
The relation which actually holds at the surface of B, viz. 


do 
—— = V COS Y, 
ds X 
= ‘" " é 2 ® @ 
* We recognize the cdefficients of 2-, 3 &¢.; within the brackets, as the 


‘zonal harmonics’ of orders 1; 2, &c. respectively. In fact, remembering that —— os se 


is the potential at the point P dte to a small magnet of unit moment placed at - 
with its axis pointing in the direction AB, we readily find from the definition of 
the aforesaid zonal harmonics Q,, Qa &c., that 


` ld /1 8 s? 
Gy = gua’ — (- + 3 = 3 2 +e.) s 
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is therefore satisfied by making 
$= ,+ 9,, 





where 
vb? ua /b* b% 3cos'y—1 
pmi rooy HE (posxta I Hee) 
The condition at the surface of 4, viz 
= = u cos 0, 


is however no longer satisfied; but it is plain from the course of 

the above investigation that the error in the normal velocity there 
ah 

will be of the order 


c” 
tion of a properly chosen term ¢, to the above value of @, the 
as 3 
n . In the 
particular cases examined below we shall suppose a and b both 
small in comparison with c, and shall not take into account small 
quantities of so high an order as that last written. We have then 


at the surface of B 


, and that if this be rectified by the addi- 





effect of this at the surface of B will be of the order 











3 3 
Lea (v + 3u 5 sın x +p usin x cos y + &e. 
The total effect of the fluid pressure on the sphere B evidently 


reduces to a force in the direction AÁB, the amount of which is 


Le. 


where p is to be found from (18). In calculating —, we must rc- 


member, as in Art. 102, that the ongin B of Hi volar co-ordl- 
nates s, y 18 itself in motion with velocity v in the direction BA. 
The rates at which the values of s, x for a fixed point are increas- 
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ing ’ consequence of this motion are easily seen to be — vcos y, 


T, 


and = sin x respectively, so > that we must write for 


| a 
Elu +32) cos y + 4% ©? wo sin’ 2 cosy + &e., 


where terms which obviously contribute nothing to the integral 
(50) have been omitted. Again 


— 1 
1 


qa? 
+ Y uv SIN Y COS Y + &C.......608. (51), 


similar omissions being made. Now 


F sin y cos ydy = 2, | sin’ cos y dy = 1h, 
0 0 


so that we have finally for the resultant fluid pressure on B in the 
direction AB, 








d 3a’ rpa b” ' 
2 arpb® S (e+ = u) - a Ww rere cy) 
373 
ab. Since 
c* 
dc 
= (u+), 


(52) may also be written 


dv  3a°du\ | Grpa*d® 
§ 2 
2 a pb (+ e) i 4 u PEE (33) 


We proceed to examine some particular cases, keeping only the 
most important terms in each. 





(a) Let b=a, v=u, so that the motion is symmetrical with 
respect to the plane bisecting AB at right angles, and is the same 
as 1f this plane formed a rigid boundary to the fluid on either 
side of it. We have thus the solution of the case where a sphere 
moves directly towards or away from a fixed plane wall. The force 
repelling the sphere from the wall is* 








* Stokes, Camb: Trans, Vol. vrn. (1843). 
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where M’ is the mass of fluid displaced by the sphere. Hence 
the principal effect of the plane boundary is to increase the inertia 


of the sphere in the ratio 1 + = : 1, c denoting double the 


distance of the centre of the sphere from the plane. 


(b) Let us suppose each sphere constrained to move with 
constant velocity. The force which must be applied to B in order 
| ld cada 

c“ 
direction BA. The spheres therefore appear to repel one another, 
The forces to be applied to the two spheres are not equal and 


opposite except when v = wu. 


to maintain this motion 18 





u’ approximately, and is in the 


(c) Let us suppose that each sphere makes small periodic 
oscillations about a mean position, the -period ‘being the same 
for each. The average value of the first term of (52) is then 
zero, and the mutual action of the two spheres is equivalent to 
er aa 

c“ 
mean value of uv. If u, v differ in phase by less than a quarter- 
period this force is one of attraction, 1f by more than a quarter- 
period it is one of repulsion. 





a force uv, urging them together, where uv denotes the 


(d) Let A perform small periodic oscillations while B is 
held at rest. The mean force on B is now zero to our order of 
approximation. To carry the approximation further, we remark 


that the mean value of at at the surface of B is necessarily zero, 


and that the next seeped term in the value (51) of the semi- 


arb 





square of the velocity is, when v=0, + au sin* y cos y, and 
, , 67rpa°b” _, 
the resulting term in (50) is found.on.integration to be it’, 


c’ 
where « denotes the average value of the square of the velocity 


of A, 


This result comes under a general principle enunciated by 
Thomson. If we have two bodies immersed in a fluid, one of 
which A performs small vibrations while the other B is held 


at rest, the fluid velocity at the surface of B will on the whole 
L. 10 
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be greater on the side nearer A than on that which is more 
remote. Hence by (18) the average* pressure on the former 
side will be less than that on the latter, so that B will experience 
on the whole an attraction towards A. As practical illustrations 
of this principle we may cite the apparent attraction of a 
delicately-suspended card by a vibrating tuning-fork, and other 
similar phenomena studied experimentally by Gutbrief and ex- 
plained in the above manner by Thomson§. 


The same principle accounts for the indraught of a light 
powder, strewn on a vibrating plate, towards the ventral segments. 


* Since ¢ is by hypothesis a periodic function of t, the term 7 in (18) con- 


tributes nothing to the average effect. 
t Proc. R. S. 
§ Reprint, Art. X11, 


VORTEX MOTION. 


J 126. So far our investigations have been confined for the 
most part to the case of irrotational motion. We now proceed 
to the study of rotational or ‘vortex’ motion. This subject was 
first investigated by Helmholtz, in Crelle’s Journal, 1858; other 
and simpler proofs of some of his theorems were afterwards given 
by Thomson in the paper on vortex motion already cited in 
Chapter III. 


A line drawn from point to point so that its direction is every- 
where that of the instantaneous axis of rotation of the fluid is 
called a ‘vortex-line.” The differential equations of the system of 
vortex-lines are 

de _ dy _ d 

E n 6’. 
where & », € have, as throughout this chapter, the meanings 
assigned in Art. 38. 


If through every point of a small closed curve we draw the 
corresponding vortex-line, we obtain a tube, which we call a 
‘vortex-tube. The fluid contained within such a tube constitutes 
what is called a ‘ vortex-filament,’ or simply a ‘ vortex.’ 


Kainematical Theorems. 


V 127. Let ABC, A’BC be any two circuits drawn on the 
surface of a vortex-tube and embracing it, and let AA’ be a 


10—2 
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connecting line also drawn on the surface. Let us apply the 


theorem of Art. 40 to the circuit ABCAA’C’B’A’A and the part 


Fig. 10. 





of the surface of the tube bounded by it. Since LE + mny +ný is 
zero at every point of this surface, the line-integral 


[(uda + vdy + wdz), 


taken round the circuit, must vanish; 2.e€. in the notation of 


Art. 39 
I(ABCA) +1(AA')+1(A'CB'A’) +1 (AA) =0, 


which reduces to 


I (ABCA) = I (A'B CA^. 


Hence the circulation is the same in all circuits embracing the 
same vortex-tube. 


_ Again, it appears from Art. 39 that the circulation round the 
boundary of any cross-section of the tube, made normal to its- 
length, is 2wo, where w = (EË +n? +) as the angular velocity of 
the fluid at the section, and o the (infinitely small) area of the 
section. 


Combining these results we see that the product of the angular 
- velocity into the cross-section is the same at all points of a vortex. 
This product is conveniently termed the ‘strength’ of the vortex. 


The foregoing proof 1s due to Thomson; the theorem itself 
was first given by Helmholtz, who deduced it from the relation 


which follows at once from the values of &, 7, € given in Art. 38. 
In fact, writing in Art. 64, Cor. 1, & n, Ẹ for u, v, w, respectively, 
we find o 
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where the integration extends over any closed surface lying wholly 
in the fluid. Applying this to the closed surface formed by two 
cross-sections of a vortex-tube, and the portion of the tube in- 
tercepted between them, we find w o, = w,0,, where w,, w, denote 
the angular velocities at the sections c, a,, Panaci. 


Thomson's proof shews that the theorem is true even when 
E, n, € are discontinuous (in which case there may be an abrupt 
bend at some point of a vortex), provided only that u,-v, w are 
continuous. 


An important consequence of the above theorem is that a 
vortex-line cannot begin or end at any point in the interior of 
the fluid. Any vortex-lines which exist must either form closed 
curves, or else traverse the fluid, beginning and ending on its 
boundaries. Compare Art. 44. 


The theorem (6)\of Art. 40 may now be enunciated as follows: 
The circulation in any circuit 1s equal to twice the sum of the 
strengths of all the vortices which ıt embraces. 


J 128. The motion of the fluid occupying any simply-connected 
region is determinate when we know the values of the expansion 
(0, say,) and of the component angular velocities £, 7, € at every 
point of the region, and the value of the normal velocity (A, say,) 
at every point of the boundary. 


If possible, let there be two sets of values, u,, v,, w,, and 
u., V, W,, of the component velocities, each satisfying the above 


noa ioni viz. each set satisfying the differential equations 
du dv dw i 
L+ a Pus dasninerenensuniags (3), 
dw dv du dw dv du 
dy oo 2E, dz — da 1, da dy 26 TETETTET (4), 
throughout the region, and the condition 
lu MY ENW = DNrccecesccesccescseccees (5), 


at the boundary. Hence the quantities 


J Hi : Po o oo S 
U SU SU V=IU,—-',, WSW Wn 
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will satisfy (3), (4), and (5) with @, E, n, & A put each=0; that 
is to say w, v, w are the components of the irrotational motion 


of an incompressible fluid occupying a simply-connected region 
whose boundary is at rest. Hence (Art. 47) these~quantities 


all vanish; and there is only one possible motion satisfying the 
given conditions. 


The above theorem—an extension of one given in Art. 49—"is 
equally true when the region extends to infinity, and (5) 1s re- 


placed by the condition that the fluid is there at rest. 


v 129. If, in the last-mentioned case, all the vortices present 
are within a finite distance of the origin, the complete determina- 
tion of u, v, w in terms of 0, E, n, € can be effected, as follows*. 


Let us assume 


dx dy dz’ | 

aP dh aN | (6), 
dy dz dr’ | 
dP dM dL | 


az. dæ dy’) 
and seek to determine P, L, M, N so as to satisfy (3) and (4) and 
make w v, w zero at infinity. We must have in the first place 


Again, 





we have 


Now (7) and (9) are satisfied by making P, L, M, N equal to 
the potentials of distributions of matter whose densities at the 


point (x, y, z) are — o č an $ respectively. This gives 


* See Stokes, Camb. Trans. Vol. 1x. (1849), and Helmholtz, Crelle, t. LY. (1858). 
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1 8 f d f 
P=- |||} de'dy'dz secoocooosoooooo (10), 
o 1 E ‘zu 
= zz ||| $ ady ae, 
lfa epg ee 11), 
M=z- |||} de’ dyae, (11) 


where the accents attached to 0, &, 7, denote the values of these 
quantities at the point (2’, 7’, z’) and r stands for the distance 


æ- a) +y -y + (2—2/)"}8. 
The integrations are supposed to include all parts of space at 
which 0, E, n, € have values different from zero. 


We must now examine whether the above values of L, M, N 





: , d 1 d 1 
really satisfy (8). Since Ta TTI P’ &c., &c., we have 
di ,dl .4di1\,,,,7, 
wrt art p p) Wd 
mp ENE’ gor 
T 

dy’ dt dx dy’ dz’ m 

’ + dy’ Ta — «Cf Sh ii (12), 





by (17), Art. 64. The volume-integral vanishes by (1), and 
the surface-integral vanishes because by hypothesis we have 
E n, €=0 at all points of the (infinite) surface over which it is 
taken. Hence (8) 1s satisfied, and the values (6) of u, v, w satisfy 
(3) and (4). They also evidently vanish at infinity. 


The above results hold even when @, E, 7, & are discontinuous 
functions, provided only that u, v, w be continuous. As regards 
0 this is obvious; but a discontinuity in E, 7, € will necessitate a 


modification in (12). Let us suppose that as we cross a certain 
surface & the values of £, n, ¢ change abruptly, and let us dis- 


tinguish the value on the two sides by suffixes. Two cases 
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present themselves; the vortex-lines may be tangential to } on 
both sides, or they may cross the surface, experiencing there an 
abrupt change of direction. In the first case we have 


lE + mn, + nt, =lE,+mn,+nt, = seeeeeeeeees(13) 
at %; and in the second we have 
lE + mn, +70, = lE, + mn, + n&,.....006.(14). 


In fact, if d& be a section of a vortex, taken parallel and infinitely 
close to % on one side of it, the product (lE + mn, + nę) dÈ 
measures the strength of the vortex, which is (Art. 127) the same 


on both sides of > Now in (12) the region through which the 
triple integration extends is divided by: the surfaces &} into a 
certain number of distinct portions. For each of these, taken by 
itself, the equality of the second and third members of (12) holds ; 
and if we add the results thus obtained, we see that to make (10) 
true for the region taken as a whole- we must add to the third 


member terms of the form 


due to the two sides of each of the surfaces >. The relations (13) 
and (14) shew however that these terms all vanish, so that (8) 1s 
still satisfied. 


130. Let us examine the result obtained in Art. 129; and 


let us suppose first that the fluid is incompressible, so that 0 = 0, 
and.therefore P=0. Denoting by du; dv, dw the portions of u, v, w 
arising from the element dc’dy'dz’ in: the integrals (11), we find 





It appears from the form of these expressions that the resultant 
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of du, dv, òw is perpendicular to the plane containing the direction 
of the vortex-line at (a’, y, 2) and the line r, and also that its 


sense 18 that in which the point (x, y, z) would move 1f it were ngidly 
attached to a body rotating with the fluid element at (2’, y, 2’). 
The magnitude of the resultant 1s 





(by an elementary formula of solid geometry), where y is the 
angle which r makes with the direction of the vortex-line at 


} 


(£, Y, 2). 
A relation of exactly the same form.as that here developed 
obtains between the magnetic force and the electric currents in 


any electro-magnetic field. If we suppose a system of electric 
currents arranged in exactly the same manner as the vortex-fila- 


ments, the components of the current at (a’, y, 2’) being E, n, & the 
components of the magnetic force at (x, y, z) due to these currents 


will be u, v, w. 


In the general case (2.e. when @ is not everywhere zero) we 


must add to the values of u, v, w obtained by integrating (15) 
dP dP dP 


the terms du? dy’ dz’ respectively, where P has the value (10). 
These are the components of the force at (x, y, z) produced by a 
distribution of imaginary magnetic matter with density @. 


131. Let us revise the investigation of Art. 129 with a view 
to adapting it to the case where the region occupied by the fluid 
is not infinite, but 1s limited by surfaces at which the value of the 
normal velocity A ıs given. The equations to be satisfied by u, v, w 
are (3), (4) and (5). The integrals (10) and (11) being supposed 
to refer to this limited region, the surface-integral in the last 
member of (12) will not in general vanish unless all the vortices 
present form closed filaments lying wholly in the region. If on 
the other hand the vortex-lines traverse the region, beginning and 
ending on the boundary, we may suppose them continued outside 
the region, or along 1ts surface, in such a manner that they form 
closed curves. We thus obtain a larger region in which all the 
vortex-hlaments are closed, and if we now suppose the integrals 
in (10) and (11) to refer to this extended region, the surface-inte- 
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gral in question will still vanish. On this understanding then 
the relation (8) is satisfied, and the values of u, v, w thus derived 


(which we shall now distinguish by a new suffix) will satisfy (3) 
and (4). 


They will not however in general satisfy the boundary-condi- 
tion (5). Let A, be the value of the normal velocity which the 
formule (6) would give, viz. 


A, = lu, + mv, HNW,» 
and let us write 


U= tU, VSEE, WSW, tw 


where u,, v, w, remain to be found. Substituting in (3), (4) and 


(5) we obtain 


du, dv, dw, 
“asa 
dw, dv, _ du, dw, o dv, diy _ 
dy dz >? dz dæ ” de dy ? 
with the boundary condition 
lu, + mv, +nw,=r-—A,. 
Hence we may write 
_aQ _ dQ _ dQ 
"ae! a5 dy? wh gle 
where Q is a single-valued function satisfying 
Ft Gis EE (17) 
throughout the (simply-connected) region, and making 
ad 
An = À — Ao COC eer cerrreeresereseses (18) 


at the boundary. The problem of finding Q so as to satisfy these 
conditions was shewn in Art. 49 to be determinate. 


Vortex-sheets. 


132. We have so far assumed u, v, w to be continuous. We 
will now shew how cases where these functions are discontinuous 
may be brought within the scope of our theorems. 


Let us suppose that we have a series of vortex-filaments ar- 
ranged in a thin film over a surface S, and let w be the angular 
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velocity, and e the thickness, at any point of sucha film. Let us 
examine the form which our previous results assume when w 1s 
increased, and e diminished, without limit, yet in such a way that 
the product we, ( =w", say,) remains finite. The infinitely thin 
film is then called a ‘ vortex-sheet.’ 


The functions L, M, N will now consist in part of potentials 


of matter distributed with surface densities ge , li , be over Ñ. 

2r° 2m 2r 
We know from the theory of Attractions that L, M, N are con- 
tinuous even when the point to which they refer crosses S, but 
that their derivatives are discontinuous; viz. the derivative taken 
in the direction of the normal (drawn in the direction of crossing) 


experiences an abrupt decrease of amount 47 x surface-density. 


Hence the changes (diminutions) in the values of T , iy l = 
will be 2lEe, 2mé&e, 2nEe, if l, m, n be the direction-cosines of 
the normal drawn as just explained. The values of u, v, w ob- 
tained from (6) will therefore be discontinuous at S, the components 
of the relative velocity of the portions of fluid on opposite sides 
of S being 
2 (mč — nn)e, W2WnE—lf)e, W2iln—meé)e...... (19), 

respectively. These are the amounts by which the components 
on the side towards which the normal (/, m, n) 1s drawn fall short 
of those on the other. This relative velocity is tangential to S, 
and perpendicular to the vortex-lines. Its amount is 2we, or 20’, 
and its direction is that due to a rotation of the same sign as w 
about the vortex-lines in the adjacent part of S. 


Hence a surface of discontinuity at which the relation 
lu, + MV, + NW, = lu, + INV, + NWyrcererseeseaees (20), 


[(13) of Art. 10] is satisfied may be treated as a vortex-sheet, in 
which the vortex-lines are everywhere perpendicular to the direc- 
tion of relative motion of the fluid on the two sides of the surface, 
and the product w of the (infinite) angular velocity into the 
(infinitely small) thickness ıs equal to half the amount of this 
relative velocity. 


In the same way, a discontinuity of normal velocity 1s obtained 
by supposing @ to be infinite throughout a thin film, but in such 
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a way that the product (@ say) of @ into the thickness e is finite. 


The normal velocities at adjacent points on opposite sides of the 
film will then differ by 6. 


Velocity-Potential due to a Vortex. 


133. At points external to the vortices there exists of course 


a velocity-potential, whose value may be found by integration 
of (15), as follows. Taking, for shortness, the case of a single 
closed vortex, we write dz‘ dy'dz’ =o'ds’, where ds is an element 


of the length of the filament, o’ its section. Also we may write 














-a w dr "E wdy 7 w dz’ 
3 — ds’ ) 7} ds ? o ds f 
wa f/d 1 d 1 
ae ae f ee ee ee , eoeteeoep60 0@ 608 EE 21 ? 
so that u= 5 Iaz - dy dij’ r dz’) (21) 


where the product wa’, the strength of the vortex, being constant, 
is placed outside the sign of integration, which is taken right 
round the filament. Now the analytical theorem (7) of Art. 40 
enables us to replace a line-integral taken round a closed curve 
by a surface-integral taken over any surface bounded by that 


curve. To apply this to our case, we write, in the formula cited, 


























d 1 d 1 
u=0, v=es5-, w=-s -, 
FF dy T 
which give | 

w w (La PNL ad 
dy dz (a dz*}r dx? r’ 
du dw _ d 1l 
dz’ dæ dæ'dy r’ 
dv du d* 1 
dic’ dy dæ dz r 











2T dx dy’ dz'/dx r 
. ai_i@i 
or, Since dx’ r = dx r ? 
a, 
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where 





Wo d d d\1 4 
= J(e atm gy + ge) 3 AS oof 22), 


Here l, m, n denote the normal to the element dS’ of a surface 
bounded by the vortex-filament. 


The equation (22) may be otherwise written 











= 9% | | -a O (23), 
where denotes the angle between r and the normal l, m, n. 
Since ee is the elementary solid angle subtended by dS at 
(x, Y, 2), we see that the velocity-potential at any point due to 
a single re-entrant vortex is equal to the product of — oo into 


the solid angle which any surface bounded by the vortex subtends 
at that point. < 


Since this solid angle changes by 47 when the point in 
question describes.a circuit embracing the vortex, the value of & 
given by (23) is cyclic, the cyclic constant being twice the strength 
of the vortex. Compare Art. 127. 


Dynamical Theorems. 


134. In the theorems which follow, we assume that the 
external impressed forces have a single-valued potential V, and 
that p is either a constant or a function of p only. 


We first consider any terminated line AB drawn in the fluid, 
and suppose every point of this line to move with the velocity 
of the fluid at that point. In other words the line moves so as 


to consist always of the same chain of particles. We proceed 
to calculate the rate at which the flow along this line, from A 


to B, is increasing. If dx, dy, dz be the projections on the axes 


of co-ordinates of an element of the line, we have, with our 
previous notation, 
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Now ——, the rate at which dz is increasing in consequence of 


the motion of the fluid, is evidently equal to the difference of 
the velocities parallel to x at its two ends, 2.e. to du; and the 


Ou . 


value of — 18 given in Art. 6. Hence, and by similar con- 


ot 


siderations, we find 


© (ude + vody + wdz) =--2 — d V + udu + vdv + wdw. 


Integrating along the line, from A to B, we get 
+ vdy + wdz) = |- oP _ V+ Aa | ...(24), 


or, the rate at which the flow from A to B is increasing is equal to 


the excess of the value which $q°—V— | has at B over that 


which it has at A. 


This theorem, which is due to Thomson, comprehends the 
whole of the dynamics of a perfect fluid in the general case, as 
equation (3) of Art. 25 does for the particular case of irrotational 
motion. For instance, equations (26) of Chapter I. may be 
derived from it by taking as the line AB the infinitely short 
line whose projections were originally da, db, de, and equating 
separately to zero the coefficients of these infinitesimals. 


The expression within brackets on the right-hand side of (24) 
is a single-valued function of x, y, z. It follows that if the in- 


tegration on the left-hand side be taken round a closed curve; - 
(so that B coincides with A,) we have 


+ vdy + wdz) =0, 


or, the circulation in any circuit moving with the fluid does not 
alter with the time. See Art. 59. 


Applying this theorem to a circuit embracing a vortex-tube we ` 
find that the strength of any vortex is constant. 


Also, remembering the formula given in Art. 39 for the cir- 
culation in an infinitesimal circuit, we see that if throughout any 
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portion of a fluid mass in motion the conditions E = 0, 7=0, €=0 
obtain at any one instant, the same is true for the same portion 


of the mass at every other instant, which is the theorem of 
Art. 23. 


It fellows that rotational motion cannot be produced in any 
part of a fluid mass by the action of forces which have a single- 


valued potential, and that such a motion, if already existent, 
cannot be destroyed by the action of such forces. 


If we take at any instant a surface composed wholly of vortex- 
lines, the circulation in any circuit drawn on it is zero, by Art. 40, 
for we have /E+ mn+nf=0 at every point of the surface. The 
preceding article shews that if the surface be now supposed to 
move with the fluid, the circulation will always be zero in any 
circuit drawn on it, and therefore the surface will always consist 
of vortex-lines. Again, considering two such surfaces, it is plain 


that their intersection must always be a vortex-line, whence we 
derive the theorem that the vortex-lines move with the fluid. 


This remarkable theorem was first given by Helmholtz* for 
the case of liquids; the preceding proof, by Thomson, shews it 
to be applicable to all fluids satisfying the conditions stated at 


the beginning of this article. 


Kinetic Energy. 


135. The formula for the kinetic energy, viz. 
2T = fff plè +e + w*)dedydz....cccccecees. (25), 


may be put into several remarkable and useful forms. We confine 


ourselves, for simplicity, to the case where the fluid (supposed in- 
compressible) extends to infinity and is at rest there, and where 
further all the vortices present are within a finite distance of the 


origin. 


We have in this case, 0=0, P=0, p= const., so that (25) 
becomes on substitution from (6), 





* See note (D). 
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This triple integral may, exactly as in Art. 129 (12), be replaced 
by the sum of a surface-integral — 


pff{L (nv — mw) + M (lw — nu) + N (mu — lv) }d8...... (26), 


and a volume-integral 


Now it appears from (11) that at an infinite distance & from the 


origin, L, M, N are at most* of the order = and therefore u, v, w 


R? 
1 


at most of the order Ro whereas when the external bounding sur- 
2 


face is increased in all its dimensions without limit the surface- 


elements dS increase proportionately to A* only. The surface- 


= and 


integral (26) is therefore of an order not higher than R 


therefore vanishes in the limit. Hence 


If wė substitute the values of L, M, N from (11), this becomes 


T=! tat oo a dydz da’dy'dz’........(29), 


2r r 
where each of the volume integrations extends over all the vortices. 


136. Under the same circumstances we have another useful 
expression for 7’; viz. 


T = 2pf{f{u(y{—2n) +0(2€ — xf) + w (en —yf)}dedydz...(30). 


To verify this, we take the right-hand member, and transform it 
by the process already so often employed, omitting the surface- 
integrals for the same reason as in the preceding article. The first 


of the three terms gives 


1 


* They are in fact of the order Fa 2&8 may be seen (for example) by calculating 


the Value of L for a single closed vortex, and expressing it, by the method of Art. 


133, as a surface-integral taken over a surface bounded by the vortex. Conse- 


1 


quently the velocities u, v, w are really of the order Ri 
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Transforming the remaining terms in the same way, adding, and 
making use of the equation of continuity 


du do dw 
dx dy dz ” 
we obtain 
du du dw 
of [flere +++ w’ tau Fe + yu qo + ew ge) dedyde, 


or, finally, on again transforming the last three terms, 


tpfffw+v'+w’)dadydz, 
1.6. T. 


The value (30) of T must of course be unaltered by any dis- 
placement of the axes of co-ordinates. This consideration gives 


[[{(wn — vf) dadydz = 0 
fut — wt) dxdydz=0 l peaveenaueensyess (31), 
[J (wE —un)dxdydz =0 


relations which of course admit of independent verification. Thus 


2 ffen- v6) dedyde = [|f fu vF - 3) - (T-T) dedyds 
=- 4 u Fo) dedyds =|[fus ~ dedydz = 0, 


and similarly for the others. 


137. The rate at which the energy of any mass of liquid 1s 
increasing at any instant 1s 


at 
d av 
=-|I]( a +t st plage + ) dzdyda 
=ff(p & pV) (lu + mu + nW) dG vecrcccescseceeees (32), 
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if l, m, n be the direction cosines of the inwardly-directed normal 
to any element dS of the boundary. The part of this expression 
which contains p gives the rate at which the external pressure 
works, the remaining part expresses the rate at which the mass is 


losing potential energy. If the mass be enclosed within fixed rigid 


walls, we have 
lu+mv+nw=0 


at the boundary, and therefore = = 0, or T = const. The same 


dt 


result holds for the case of an unlimited mass of liquid subject to 
the conditions of Art. 129. We then have, beyond the vortices 


and it appears from Chapter III. that at an infinite distance from 


do . 


the origin ¢, and therefore also z; 1S constant with respect to 


x,y, z. Under these circumstances the surface integral in (32) is 
zero. Compare Art. 65. 


138. We proceed to apply the foregoing general theory to the 
discussion of some simple cases. 


l. Rectilinear Vortices. — 


Suppose that we have an infinite mass of liquid in motion in 
two dimensions (zy), so that u, v are functions of x, y only, and 
w=0. We have then = 0, ņn = 0 everywhere and therefore also 


L=0, M=0. The value of N is 


N= [2 dy dz | 
2T r 


and if we perform the integration with respect to z between the 
limits + y, and then make y infinite, we find 


N= 7 log 4y“ Jf da'dy’ — “J J Slog r da'dy, 


where r now (and as far as Art. 140) stands for {(~—2’)*+ (y — yY}. 
The first term in the value of N, though infinite, is constant, and 
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since we are concerned only with the differential coefficients of N, 
we. may write 


N=- A log r dady.. sesssessessesn, (33). 


The formulæ (6) then give 





dy TT T 
dN 1 -r ri f 
e=- Taso 7“ = 


We see that N is identical with the function 4+ of Chapter IV. 


A. vortex-filament whose co-ordinates are 2’, y’ and strength 


m contributes to the motion at (x, y) a velocity whose components 
are 


f &@ f 4 + 


m fy and a, 


in 2 


T T T À 








This velocity is perpendicular to the line joining the points (x, y) 
ss m 
(x’, Y), and its amount is mm 
Let us calculate the integrals {{ufdady, and ffvțdædy, where 


the integrations include all portions of the plane xy for which ¢ 
does not vanish. We have 


where each double integration includes the sections of all the 
vortices. Now, corresponding to any term 





te ZF dady dx'dy' 


r 


of this integral, we have another term 





et dady da'dy', 


? 


and these terms neutralize one another. Hence 


TEA A a ETE (34); 
and, by the same reasoning, 
EREE a EEE (35) 
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If we denote as before the strength of a vortex by m, these results 
may be written 


DMU=0, BMV=AO...cccsccesccccsceees (36). 


We have seen above that the strength of each vortex is constant 
with regard to the time. Hence (36) express that the point whose 
co-ordinates are 


is fixed throughout the motion. This point, which coincides with 
the centre of inertia of a mass distributed over the plane æy with 
the surface-density £, may be called the ‘centre’ of the system of 
vortices, and the straight line parallel to z of which it is the pro- 
jection may be called the ‘ axis’ of the system. 


139. We proceed to discuss some ‘particular cases. 


(a) First, let us suppose that we have only one vortex-filament 
present, and let ¢ have the same sign throughout its infinitely small 
section. Its centre, as just defined, will le either within the sub- 
stance of the filament, or at all events infinitely close to it. Since 
this centre remains at rest, the filament as a whole will be station- 
ary, though its parts may experience relative motions, and its centre 
will not necessarily lie always in the same element of fluid. Any 
particle at a finite distance r from the centre of the filament will 
describe a circle about the latter as axis, with constant velocity 


— The region external to the filament is doubly-connected ; 


and the circulation in any (simple) circuit embracing the filament 
is 2m. The irrotational motion of tke fluid external to the fila- 
ment is the same as in Art. 35. 


(b) Next suppose that we have two vortices, of strengths m, 
m,, respectively. Let A, B be their centres, O the centre of 
the system. ‘The motion of each filament is entirely due to 
the other filament, and is therefore always perpendicular to 
AB. Hence the two filaments remain always at the same 
distance from one another, and rotate with uniform angular 
velocity about O, which is fixed. This angular velocity is easily 
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found; we have only to divide the velocity of A (say), viz. 








m, | 
AB? by the distance AO, where 
AO = —— AB, 
m tm, 


and SO obtain ~! me for the value required. 





If m,, m, be of the same sign, 2.e. if the directions of rotation 
in the two filaments be the same, O lies between A and B; but 


if the directions be of opposite sions, O lies in AB, or BA, 
produced. 


If m,=—m,, O is at infinity; in this case it is easily seen 


dhé perpendicular to 


m. AB 
AB, which remains fixed in direction. The motion external to 


the filaments at any instant is given by the formule of Chapter Iv, 
Example 3. 


that A, B move with uniform velocity 





,The motion at all points of the plane bisecting AB at right 
angles is tangential to that plane. We may therefore suppose 
this plane to form a fixed rigid boundary of the fluid on either 
side of it; and so obtain the solution of the case where we 
have a single rectilinear vortex 1n the neighbourhood of a fixed 
plane wall to which it is parallel. The filament moves parallel 


to the plane with the velocity ofa where œ is the distance of 
the vortex from the wall. f 

In the last case [m =— m,], the stream-lines are all circles. 
We can hence derive the solution of the case where we have a 
single vortex-filament in a mass of fluid which is bounded, either 


internally or externally, by a fixed circular cylinder. Thus, in 





the figure, let DPE be the section of the cylinder, A the position 
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of the vortex (supposed in this case external), and let B be the 
‘image’ of A with respect to the circle DPE, viz. C being the 
centre, let 


CB.CA=c’, 


where c is the radius of the circle. If P be any point on the 
circle, we have 


AP AE AD 

BP BE BD = const. ; 

so that the circle occupies the position of a stream-line due to 
a pair of vortices, whose strengths are equal and opposite in sign, 
situated at A, B in an unlimited mass of fluid. Since the motion 
of the vortex A would then be perpendicular to AB, it is plain 
that all the conditions of the problems are satisfied if we suppose 
A to describe a circle about the axis of the cylinder with uniform 


velocity 





mi ss ™. OA 
m. AB a(CA?- c’) 


In the same way a single vortex of strength m, situated within 
a fixed circular cylinder, say at B, would describe a circle with 


m.CB 


m(t — CB’) | 








uniform velocity 





= (c) If we have four parallel rectilinear vortices whose centres 
form a rectangle ABBA’, the strengths being m for the vortices 


A’, B, and —m for the vortices A, B’, it is evident that the 


centres will always form a rectangle. Further, if the various 
rotations have the directions indicated in the figure, we see that 


Fig. 12. 





the effect of the presence of the pair A’, B' on A, B is to separate 
them, and at the same time to diminish their velocity perpen- 
dicular to the line joining them. The planes which bisect AB, 
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AA’ at right angles may (either or both) be taken as fixed rigid 
boundaries. We thus get the case where a pair of vortices, of 
equal and opposite strengths, move towards (or from) a plane 


wall, or where a single vortex moves in the angle between two 
perpendicular walls. 


For other interesting cases of motion of rectilinear vortices 
we refer to a paper by Professor Greenhill *. 


2, Crrcular Vortices. 


140. Next let us take the case where all the vortices present 
in the fluid (supposed unlimited as before) are circular, having 
the axis of z as a common axis. Let @ denote the distance of 
any point P from this axis, 3 the angle which œw makes with 
the plane xy, v the velocity in the direction of œw, and œw the 
angular velocity of the element at P. It is evident that u, v, w 
are functions of x and œ only, and that the axis of w is perpen- 
dicular to x, a. We have then 


yY = GY cos, zZ = 7 sin S, 
y —— V COS S, w = VU sin Y; ere seveeee(O@ ). 
E—-0, n=—owsinS, E= w cos | 


If we make these substitutions, writing adSdzda for the volume- 
element, in (30), and perform the integration with respect to 3, 


we obtain 


T= 4p f{(au — xv) wadxda. 


The second and third of equations (31) are satisfied identically ; 


the first gives 
ffavwadiudea = 0. 


If we denote by m the strength wdxda of the vortex whose 
co-ordinates are x, a, these results may be written 


Dim (au — LV) T =H eneee (38), 


* Quarter’y Journal of Mathematics, 1877. 
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where the summations embrace all the vortices present in the 


fluid. If in these equations we suppose æ, œ always to refer 
to the same vortex, we may write 


I i 
dt? dt 

Since m is constant for the same vortex, the equation (39) 
is at once integrable with respect to t, whence 


u U 





may be called the ‘mean radius’ of the vortex-rings. The 


equation (40) shews that this mean radius is constant throughout 
the motion. 


If we introduce in addition a magnitude a, such that 


X, DINGS" =EMT L cocsesevrercesseoseee( 42), 


it is plain that the position of the circle whose co-ordinates are 
Lə S, depends only on the strengths and the configuration of 
the vortices, and not on the position of the origin of co-ordinates. 
This circle may be called the ‘circular axis’ of the whole system 
of vortex-rings. It remains constant in radius; and its motion 


parallel to x is obtained by differentiating (42), viz. we have 


dx dx da 
— 2 — 2 
or, by (38) and (41), 
dx T da 
ea ON — -— 
LM B dt ~ darp +3>2m(a—2,)a Ti (43), 


where we have added to the right-hand side a term which 
vanishes ın virtue of (40). : 


141. The formule (11) become, on making the substitu- 
tions (37), 
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we have N = — M sn Y +N cosS.....ccceccccese (45); 


and, since the integral 
| | | ahh aad 7 T) dS dat de’ 


is identically zero, 


O= MecosS +N sind.....cccsseeeee. (46). 
Combining (45) and (46), we find 
=—SsinS, M=Scos9............0. (47) 


If the variable of integration in (44) be changed from Ù to e, 


where e= —%, the limits of integration for e are 0 and 27; 
and since: 


COS € 
f(x — x)” +. oy 4+. oy? — Yaw cos e} 





and 
r? = (x — a Y + (ot o’)") i = 


we may write (44) in the form 


Here F, E, denote the complete elliptic integrals of the first 
and second kinds with respect to the modulus 


£) + (o+ 
T7 do 2 
VlZ., F=f Tink sind’ E = NIk sin’ 0 dO 
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142. The kinds of fluid motion now under consideration 


come under the class for which a stream-function . was shewn, 
in Art. 103, to exist. By the definition of that article, we have 


2arvr = total flux through the circle whose co-ordinates are x, a, 


= fi(lu + mv + nw) dS, 


where the integration extends over any surface bounded by that 


circle. Recalling the expressions (6) for u, v, w, from which P is 
now to be omitted, we have by the theorem of Art. 40, 


2a = |(Ldx + Mdy + Ndz), 
the integration here being taken round the circle, or, by (47), 


143. Let us take the case of a single circular vortex of 


strength m. At all points of its infinitely small section the 
modulus & of the elliptic integrals in the value of S is nearly 


equal to unity. In this case we have* 


F =lg5, E=} 


approximately, where k denotes the complementary modulus 
y(1— k’), so that in our case 





nearly, if 6 denote the distance between the infinitely near points 


(x, w), (x, w). Hence at points within the substance of the 
vortex the value of S, and therefore by (50) also of fr, is of the 


order m loge, where e is a small linear magnitude comparable 

with the dimensions of the section. The velocity at the same 

point, depending (Art. 103) on the differential coefficient of 4, 
m 


will be of the order = 


* See Cayley, Elliptic Functions, Art. 72, and Maxwell, Electricity and 
Magnetism, Arts. 704, 705. 
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We can now make use of (43) to estimate the magnitude of 
the velocity = of translation of the vortex. By (51) T 1s of the 
da 


order m’ log e, and -n is, as we have seen, of the order =. Also 
x —zx, 18 of the order ee Hence the second term on the right- 
hand side of (43) 1s, in this case, small compared with the first, 
and the velocity of translation of the ring 1s of the order m loge, 


and approximately constant. 


An isolated vortex-ring moves then, without sensible change 
of size, parallel to its (rectilinear) axis, with nearly constant 
velocity. This velocity is small compared with that of the’ fluid 
in the immediate neighbourhood of its circular axis, but large 

2am 


compared with -T > the velocity of the fluid at the centre of 





the ring, with which it agrees in direction. 


A. drawing of the stream-lines due to a single circular vortex 
is given by Thomson *. 


144, If we have any number of circular vortex-rings, coaxial 
or not, the motion of any one of these may be conceived as made 
up of two parts, one due to the ring itself, the other due to the 
influence of the remaining rings. The preceding considerations 
shew that the second part is insignificant compared with the first, 
except when two or more rings approach within a very small 
distance of one another. Hence each ring will move, without 
sensible change of shape or size, with nearly uniform velocity in 
the direction of its (rectilinear) axis, until it passes within a short 
distance of a second ring. A general notion of the result of the 
encounter of two rings may, in particular cases, be gathered from 
the theorem of Art. 130. 


Thus, let us suppose that we have two circular vortices having 
the same rectilinear axis. If the sense of the rotation be the 
same in both, the two rings will advance in the same direction. 
One effect of their mutual influence will be to increase the radius 


* On Vortex-Motion, Trans. R. S. Edin. 1869. Copied in Maxwell, Electricity 
and Magnetism, plate xv11I. 
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of the one in advance, and to contract the radius of the one in 
the rear. If the radius of the one in front become larger than 


that of the one in the rear, the motion of the former ring will 
be retarded, whilst that of the latter is accelerated. Hence if 
the conditions as to the relative size and strength of the two 
rings be favourable, it may happen that the second ring will 
overtake and pass through the first. The parts played by the 
two rings will then: be reversed; the one which is now in the 
rear will in turn overtake and pass through the other, and so on, 
the rings alternately passing one through the other. 


If the rotations in the two rings be opposed, and such that 


the rings approach one another, the mutual: influence will be to 
enlarge the radius of each ring. 


If the two rings be moreover equal in: size and strength, the 
velocity of approach will continually diminish. In this case the 
motion at all points of the plane which ıs parallel to the two 
rings, and half-way between them, is tangential to this plane. 


We may therefore, if we please, regard this plane as a fixed 


boundary to the fluid on either side of it, and so obtain the 
solution of the case where a single vortex-ring) moves directly 


towards a fixed rigid wall. 


On the Conditions for Steady Motion. 


145, In steady motion, 2.e. when 


a? dt di” 
the equations (2) of Art. 6 may be written 
du dv dw dV 1 dp 


da ax da dæ p dæ 
Hence 1f we make 
P = a Ea a E TETTE (52), 
we have 
dP dP d P 
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It follows that 


dP dP dP 
E g ta dy +o =0, 
so that each of the surfaces P = const. contains both stream-lines 
and vortex-lines. If further dn denote an element of the normal 
at any point of such a surface, we have 


a = qw sin 0 E E E eee (53), 


where g is the current-velocity, w the angular velocity, and @ the 
angle between the stream-line and the vortex-line at that point. 


Hence the conditions that a given state of motion of a fluid 
may be a possible state of steady motion are as follows. It must 
be possible to draw in the fluid an infinite system of surfaces 
each of which is covered by a network of stream-lines and vortex- 
lines; and the product of gw sin @dn must be constant over each 
such surface, dn denoting the length of the normal drawn to a 
consecutive surface of the system. 


These conditions may also be deduced from the considerations 
that the stream-lines are, in steady motion, the actual paths of 
the particles, that the product of the angular velocity into the 
cross-section is the same at all points of a vortex, and that this 
product is, for the same vortex, constant with regard to the 
time. 


The theorem that the quantity P, defined by (52), is constant 
over each surface of the above kind is an extension of that of 
Art. 28, where it was shewn that P is constant along a stream- 
line. 

The above conditions are satisfied identically in all cases of 
irrotational motion. 


In the motion of a liquid in two dimensions, the product 
q dn is constant along a stream-line; the conditions then reduce 
to this, that w (or ¢,if the axes of co-ordinates be the same as 
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in Chapter Iv.) must be constant along a stream-line, 2.¢. by 


Art. 69 (5), 





where f (4) is an arbitrary function of r. 


A particular solution of (54) is 
p= 4 (Ax? 4+ 2Bay + Cy’), 


in which case the stream-lines are a system of similar and coaxial 
conic sections. The velocities at corresponding points are pro- 
portional to the linear dimensions of the curves; the angular 
velocity at any point is 4+ C, and is therefore uniform. 


~ In the case of motion symmetrical about an axis (say that 
of x), considered in Art. 103, we have 27radnq constant along 


a stream-line. The conditions for steady motion reduce then to 
this, that the ratio œ : w must be constant along a stream-line. 


If ẹ be the stream-function, we have 











where f (yr) is an arbitrary function of w. 


* Conditions (54), (56) were given by Stokes, Camb. Trans. Vol. vi. (1842). 


CHAPTER VII. 


WAVES IN LIQUIDS. 


146. Any disturbance which is propagated from one part of a 


medium to another, whilst the particles of the medium do not 


themselves share in the progressive motion of the disturbance, 
but only deviate slightly from their original positions, is called a 


‘wave.’ 


In the case of a liquid under the action of gravity, the disturb- 
ance manifests itself by the production of elevations and de- 


pressions which travel over the surface (originally, of course, plane 
and horizontal). That the particles of the fluid do not follow the 


motion of the waves, but always remain in the neighbourhood of 
their undisturbed positions, may in this case be readily ascertained 
by watching the motion of a small floating body. 


The present chapter is devoted to the study of waves in liquids. 
We shall suppose for the most part that the liquid is uniform in 
depth, that it is unlimited horizontally, and that the motion takes 
place in two dimensions (one horizontal, the other vertical), so 


that the elevations and depressions of the surface present the 
appearance of a series of parallel straight ridges and furrows. 


Waves of Small Vertical Displacement*. 


147. We take first the case where the maximum horizontal 
motion is so large compared with the maximum vertical motion, 


* Stokes, Camb. and Dublin Math. Journal, Vol. rv. 
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that the vertical motion may be altogether neglected. We shall 
learn from our results in what cases this assumption 1s legitimate. 
Let the origin be taken in the bottom of the fluid, the axis of «x 


horizontal, that of y vertical and upwards; and let us suppose 
that the motion takes place in these two dimensions x, y. Let h 
be the depth of the fluid in the undisturbed state, h+ 7 the ordi- 
nate of the surface corresponding to the abscissa x, at the time é | 
Since the vertical motion is neglected, the pressure at any point 
(x, y) will be simply that due to the depth below the surface, viz. 


p=gp(h+n—y)+ const. 
Hence | 


which is independent of y, so that the horizontal accelerating force 
is the same for all particles in a plane perpendicular to a It 


follows that all particles which once lie in such a_plane always do 


$0. It is convenient, now, to follow the Lagrangian method (Art. 
16), changing however the notation. Let «+ & denote the abscissa 
é time ¢ of the particles whose undisturbed abscissa is 2; we 
have seen that E is in fact a function of æ only. Further let the 
‘ independent-variable z ın p and y refer always to the same portion 
of fluid; in which case (1) still holds. The volume of fluid, corre- 


sponding to unit breadth originally contained between the two 
planes x and æ% + dx is hdx; at the time t+ dt the same stratum 


of fluid has a thickness dz HS dx, and its height ish+7. The 


equation of continuity therefore is 
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So far the only assumption made is that the vertical motion is 
small compared with the horizontal. If we now assume in addi- 


dé . 


tion that 7, 38 also a small quantity, in other words that the rela- 


tive displacement of the two neighbouring elements of fluid never 
amounts to more than a small fraction of the distance between 
them, (2) may be written 


7) — aaa dE 
ima REEL (4), 
and (3) becomes 
re at : 
de gh | TET (5) 


The elevation 7 then satisfies an equation of exactly the same 
form. 


The above investigations apply to a straight canal of rectangular 
section. We can however easily extend them to the case of a 
canal whose section is any whatever, provided it be uniform. Thus, 
if A be:the area of the section, b the breadth of the canal.at the 


undisturbed level, we have instead of (2) 


dx 
whence ` =- z. 
d'E gA dẹ 
and de h Taa vi iitttttttttsssteccssesees (0). 


and transform (5) by making æ,, x, the independent variables 
instead of x, t, the equation becomes 


ie =e Q, ( ut, A 
dæ dæ, 
* Or c?= i, in (G) 


178 WAVES IN LIQUIDS. [CHAP. VII. 


so that the complete solution of (5) 1s 


where F, f denote arbitrary functions. 


The interpretation of (8) 1s simple. Take first the motion re- 


presented by the first term alone. Since /’(x—ct) is unaltered 
when ¢ 1s increased by 7, and æ by cr, it is plain that the disturb- 
ance of the particle x at the time t has been communicated, at the 


time +r to the particle x + cr, so that the disturbance advances 
as a whole with uniform velocity c relative to the fluid. The first 
term of (8) denotes then a wave travelling in the positive direction, 
without change of form, with velocity c. The second term denotes 
in like manner a wave travelling with the same velocity in the 
direction of x negative. Any motion whatever of the fluid, subject 
to the restrictions of the preceding article, may be regarded as 


made up of waves of these two kinds. 


The velocity of propagation c is, by (7), that ‘due to’ half the 
depth of the undisturbed fluid. 


149, Let us examine the motion of a surface-particle as a 


wave passes over 1t. To fix the ideas we shall suppose the wave 
to be one of elevation, so that 7 1s everywhere positive, and to be 


We shall also suppose the length A of the wave to be finite. By 
differentiation of (9) we find 


dE _ „aE 
dt — “da ? 
or, by (4), Jé 
C 
dt = 3 7} ere ee aa ae a ee ee EELE eee ee eee ee (10) 


The particle remains at rest until it 1s reached by the wave ; 
it then moves forwards with a horizontal velocity proportional to 
its elevation above the mean level. Also 


E= fn cdt, 


so that the total horizontal displacement at any time 1s equal to 


the whole volume (per unit breadth) of elevated fluid which has up 
R 
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to that time passed over the particle, divided by the depth of the 
fluid. The horizontal motion is therefore at first infinitely small 
compared with the vertical motion, so that the particle moves at 
first upwards; its horizontal velocity gradually increases, and at- 
tains a maximum when the highest part of the wave is passing 1t, 
the vertical motion being then zero. The particle then begins to 
fall, its horizontal motion at the same time slackening, until it 
finally comes to rest at its original level, but in advance of its 
former position by a distance 

_ total volume of elevation, per unit breadth 

E depth of fluid. i 


If the wave be one of depression, the motion is simply reversed in 
every respect. 


If we have a series of waves of alternate elevation and depres- 
sion, the elevations and depressions being equal in every respect, 
the motion of a surface-particle takes place in a closed curve, a 
complete revolution being performed during the transit of an ele- 
vation and the following depression. Compare Art. 157. 


The horizontal motion is, ın all cases, the same for particles 
in the same vertical; the.vertical motion 1s everywhere small, and 
may (since it is zero at the bottom), be taken as proportional to 
the undisturbed height of the particle above the bed. The motion 
of a particle at a height y from the bottom may therefore be ob- 
tained from that of a surface-particle, by merely reducing the 
vertical component in the ratio y : A. 


150. We can now -examine under what circumstances the 
assumptions of Art. 147 are justified. The time which a wave (of 


elevation, say), of length A takes to pass any particle is a so that 
if the slope of the wave-profile ‘be gradual, the vertical velocity of 


: À 
a surface-particle is of the order * + z> where & 1s the maximum 


elevation above the undisturbed level. The horizontal velocity 1s, 


by (10), of the order HE the ratio of the vertical to the hori- 
L 


zontal velocity is therefore of the order 4 The assumption made 


12—2 
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at the beginning of Art. 147 requires then that the slope of the 
wave-profile should be gradual, and that the length of an elevation 


or depression should be large compared with the undisturbed depth 
of the fluid. Waves which fulfil these conditions are called ‘long 


waves. The motion of waves for which the conditions are not 


satisfied is discussed: below, Art. 156. 
dE 


The second assumption of Art. 147, viz. that 7. is small, re- 


quires, by (4), that the maximum height of the wave should be 
small compared with the depth of the fluid. 


151. The potential energy of a wave, or system of waves, due 
to the elevation or depression of the fluid above the mean level A 
is, per unit breadth, gpffydædy, where the integration with respect 
to y is to be taken between the limits 0 and 7, and that with 
respect to æ over the whole length of the waves. Performing the 
former integration, we get 


BOP LAL. rrcscccccccccessevnevenceees (11) 
The kinetic energy is, in the case of Art. 147, 
dé\? 
sph ER fr Ter (12) 
In a system of waves travelling in one direction only we have 
se 
dt Sh” 


so that (11) and (12) are equal; or the total energy is half poten- 
tial, and half kinetic. | 


152. If in any case of waves travelling in one direction only, 
without change of form, we impress on the whole mass a velocity 
equal and opposite to that of propagation, the motion becomes 
steady, whilst the forces acting on any particle remain the same as 
before. With the help of this artifice, the laws of wave-propa- 
gation can be investigated with greaz ease *, Thus, in the case of 
Art. 147 we have, at the free surface, deve ane | 


= const. — FQ? —G(ht 1). e (13), . 


* See Lord Rayleigh, ‘‘On Waves,” Phil. Mag., April, 1876. 


150—152. ] WAVES IN CANALS. 181 


where q is the velocity. If the slope of the wave-profile be every- 
where gradual, and the depth A small compared with the length 


of a wave, the horizontal velocity may be taken as uniform through- 


out the depth, and approximately equal to g. Hence the equation 
of continuity 1s 


q(h+n) =ch, 


c being the velocity, in the steady motion, where the depth is uni- 
form and equal to h. Substituting for g in (13), we have 


P const.-40(147) — í 4 
_ co 4c (1+7) gh 1+; 


If ; be small, the condition for a free surface, viz. p = const., 18 


satisfied approximately, provided 


2 


c = gh, 


which is identical with equation (7). 


If we take account of the second power of i we find that at a 


part of the stream where the average elevation is & the condition 
for a free surface is better satisfied by 


Or c= gh (1 + s z) r TTT Ce ee TTT (14). 


The higher portions of a wave therefore advance faster than the 
lower, so that the form of a wave continually changes as it pro- 
ceeds. Thus, in the case of a wave of elevation only, the slope 
becomes gradually steeper in front, and more gentle behind until 


finally the conditions on which our investigations are based fail 
altogether to hold. The formula (14) seems due to Airy*. It is 
otherwise obvious from (4) that the accuracy of the equation 


* Encyclopedia Metropolitana, Vol. v., “© Tides and Waves,” Art. 208. 
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as a representative of (3) at any particular point of the canal is 
improved by making 


where é is the elevation in the neighbourhood of that point. If 


we neglect the square of s. this will agree with (14). 


153. We proceed to investigate, on the same assumptions as 
before, the equations of motion of long waves in a uniform canal 
when, in addition to gravity, small disturbing forces whose hori- 


zontal and vertical components are X and Y act on the fluid. We 
have in this case, 


p' h+y 
P=g(htn—y)—| Ydy + const, 
Y 


so that the equation of horizontal motion of a particle in the 
position (x,.y), viz. 


dl” d 
Pga =- pt ey, 
becomes - 
ae dy [dY dn 
Pra del de t4 


If X and Y be of the same order, and their rates of variation 
small, the second and third terms on the right-hand side of this 


equation may be neglected in comparison with the other two. We 
then have 


where, for the same reason, X may be supposed a function of x 
only. This equation being independent of y, the particles which 
at any instant he in a plane perpendicular to æ lie always in such 
a plane. The equation of continuity (4) then applies; and (15) 
becomes 





where c = gh, as before. 
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Since (16) does not contain Y, it appears that the horizontal 
disturbing force is much more effective than the vertical one in 
producing waves. This might be anticipated from the hydro- 
statical theorem that a liquid is in equilibrium when, and only 
when, the surfaces of equal pressure coincide with those of equal 
potential. The latter being everywhere perpendicular to the lines 
of force, it 1s plain that the addition of a small horizontal force 
would make them deviate from their original horizontal arrange- 
ment far more than the addition of a small vertical force. 


“154. We will follow Airy* in applying equation (16) to illus- 
trate the theory of the tides. Let us investigate the tides which 
would be produced in a uniform equatorial canal, the moon being 
supposed to describe a circle in the plane of the equator. Let z 
denote the undisturbed distance, measured along the equator, of 
a particle of water from some fixed meridian, «+ E the value of 
the same quantity, for the same particle, at the time t. If n be 
the angular velocity of the earth’s rotation, the actual displace- 
ment of the particle at the time t is E+ nt; so that the tangential 
acceleration will be A . If we suppose the ‘centrifugal force’ to 
be as usual allowed for in the value of g, the processes of the 
previous articles will apply without further alteration. Also, we 
havet, approximately 


X = u sin 20, 
where 
p Ma 
Bate 


M =the mass of the moon in astronomical units, 
a = the radius of the earth, 


D =the distance between the centres of the earth and 
the moon, 


0 = the hour-angle of the moon at the station 7, 
= pt —~ +a 
= P Ps j 


* Sect. vI., “Tides and Waves.” 
t Thomcson anl Tait, Art. 804. 


184 WAVES IN LIQUIDS. [ CHAP. VII. 


provided p=n +n, n being the angular velocity of the moon in 
her orbit, and a some constant. The equation (16) then becomes 


The solution of this equation consists of two parts. The first part, 
or ‘complementary function, is the solution of (17) with the last 
term omitted, and expresses the free waves which could exist 
independently of the moon's action. The second part of the solu- 


tion, or ‘particular integral, gives the forced waves or tides pro- 
duced by the moon, and is 








The tide is therefore semidiurnal, and is ‘direct’ or ‘inverted,’ 2.é. 
there is high or low water beneath the moon, according as c is 
greater or less than pa. Now 


i 
k z= CA 2 nony a0, 

pa naa aq 

in the actual case of the earth. Unless therefore the depth of the 

canal were much greater than the actual depth of the sea, the 


tıdes would be inverted. 





For the case of a circular canal parallel to the equator ın lati- 
tude A, we should find 


A = u cos Asin 26, 





where 0 = pt — 


Substituting in (16), and solving as before, we find for the forced 
waves | 


pah cos’r 
c" — p’a’ cos A 





n= cos 2 (p1 m aeaaea i a er (19). 


a CoS A 


If the latitude of the canal be higher than arc cos / the tides 


pa 
will be direct. 
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155. Next let us take the case of a canal coinciding with a 
meridian. Let @ denote the hour-angle of the moon from this 
meridian, = pt + a, say, and x the distance of any point on the 
canal from the equator. By an easy application of Spherical 
Trigonometry, we find for the horizontal disturbing force in the 


direction of the length of the canal, 


X=—psin2= cos’ 6 


= — łu sin 2— {1 + cos 2 (pt +a)}, 


The equation of motion is easily seen tobe of the same form, (16), 
as before. Substituting then and solving, we find 











m a pah o2? 
n=} a Ae TET age ng ee tie 


The first term represents a permanent deviation of the surface 
from the circular form; the equation of the mean level being now 





The fluctuations above and below this mean level are given by the 


second term: of (20). If, as in the actual case of the earth, c be 
less than pa, there will be high. water in latitudes above 45°, and 


low water in latitudes below 45°, when the moon is in the meri- 
dian of the canal, and vice versa when the moon is 90° from that 


meridian. The circumstances are all reversed when c 1s greater 
than pa. 


For a further development of the canal theory of the tides, the 
student is referred to Airy, l. c. ante. 


Waves in deep water. 





X 156. When we abandon the assumption that the depth A of 


the fluid is small compared with the length of a wave, the Eulerian 
method becomes more appropriate. 


Let the origin be in the undisturbed surface, the axis of x 
horizontal, that of y vertical and its positive direction upwards. 
We suppose the motion to take place entirely in these two dimen- 
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sions x, y; and to be such as may have been generated from rest, 
so that there exists a single-valued velocity-potential ġ. We 
retain, for a first approximation, the assumption that the squares 
and products of the velocities and relative displacements may be 
neglected. Our equations then are 





dip Up _ 
Tet Bae + Sattiheniabareeenacaseetn (21), 
Bafo nee 
i E(t) — gy gp eeen (22), 
with the boundary conditions 
dp „d dp _ ap dp 
dt dx dz t dy dy a iaa) 
at the free surface [(10) Art. 10,], and 
dp o. 2 
7 Di siesausesdustenvevesr sess (24), 


when y= —/A. 


Now (21) 1s satisfied by the sum of any number of terms of 


the form 
ejethy 
b. 


each multiplied by an arbitrary function of ¢, provided 7°+ k? = 0. 
Now 7 must in our case be wholly imaginary, for otherwise we 


should have = infinite for either xz =+ œ, or c=—o@. Hence 


we must E 1 real and 7=+2k. We write therefore 
h => {e (A cos kx + Bsin kr) + e7* (A' cos kx + B sin kx), 


the coefficients being functions of ¢ as yet undetermined. The 
condition (24) gives 


r: = A’ekh, Be-™ = Ber, 
so that the assumed value of œ takes the form 


h = È fe Ut» + e-Kyt™) (P cos kx + Q sin kæ)... (25). 


So far our work is rigorous. If we now neglect squares and pro- 
ducts of small quantities, (23) becomes on substitution from (22) 
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and in this we may suppose y equated to zero, for the error in the 
value of y will only introduce an error of the second order in this 
condition. Substituting the value (25) of ¢, we find that in order 
that (26) may hold for all values of x we must have F(t) =0, and 





(eh EA eT kh) +- gk (e** — e~ kh) P= O.a, (27), 


dt 
with an equation of the same form for Q. The solution of (27) is 
P= A cos kct + B sin kct, 


where 


and A, B now denote absolute constants. Combining our results 
we get for $ a series of terms of the form 


afekyth) 4 ekute (m t+ t)ar oes (29), 


Sir 


where a 1s a constant. 


Let us examine the motion represented by one of these terms 
alone, taking, say, in the last factor the cosine with the minus sign 
in its argument. The form of the free surface ( p = const.) 1s given 
by (22), viz. it is 

1 
y = const. ee 
g dt 
where in the last term we suppose y equated to zero, for the 
reason already given. Hence if the origin be taken at the mean 


level, the equation of the free surface 1s 


Y = ASIN k(x — Cl). ccrsscccccccccecsceves: (30), 
where 
q =% Cada A a ETETE (3&7 


The wave-profile is therefore the curve of sines, and it advances 
without change of form in the direction of x positive, with uniform 
velocity c given by (28). The ‘wave-length,’ %.e. the distance 
between two successive crests or hollows 1s 


2T 
N= 7. 


188 WAVES IN LIQUIDS. [CHAP. VII. 


It appears that the velocity of propagation is not independent of 
the wave-length, but that it increases continuously with the value 


of the ratio 4 being Jgh (as in Art. 148) when this ratio is in- 


finitesimal, and when it 1s infinite. To any given value of 


Pa 


c there corresponds only one value of A, and vce versa. 


#157. Let us examine the nature of the motion of the 
individual particles of fluid as a system of waves of the above 
kind passes over them. If & 7» be the component displace- 
ments at time ¢ of the particle whose mean position is (x, y), 
we have 


dé d 
7 = z = — ka fet ut) 4 e-kuth) sin k(x — ct), 


A = ø = kaletwt™) — e-*yt*)} cos k(x — ct). 
We ought, in strictness, to have on the right-hand side of these 
equations «+ & for x, and y +n for y, but the resulting correction 
would be of the order a* which we have agreed to neglect. Inte- 
grating then the above equations on the supposition that z, y are 
constant, and remembering the formule (28), (31) for c and a, we 
find 
ek (yth) 4 g-k(y+h) 
o = 0 a gah 
eklyth) — e-klyt+h) 
gkh — o—kh 


cos k(a — ct), 

n=a sin k(x — ct). | 

Each particle therefore describes an ellipse whose major axis is 
horizontal; the law of description being the same as for a particle 
attracted to a fixed point by a force varying as the distance. The 
ratio of the minor to the major axis of the ellipse, viz. 


oklyth) — e-kly+h) 
ek ly th) ike eT kly th) ) 


diminishes from the surface to the bottom, where it vanishes. 
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If we compare (32) with (30), we see that a surface-particle 
moves in the direction of the waves when it coincides with a 


crest, and in the opposite direction when it coincides with a 
trough. 


h 


If the ratio x be infinite, the expressions (32) become 


E = ae" cos k(x — ct), y = ae’ sin k(x — ct), 


so that each particle describes a vertical circle with uniform angu- 
lar velocity. The radii of these circles, given by the formula ae*, 
diminish rapidly with increasing depth*. At a depth below the 
surface equal to the wave-length the motion is to that of the sur- 
face in the ratio e~2" : 1, or 1 : 535 nearly. 


A158. The energy of a system of waves of the kind now under 
examination ıs found as follows. Suppose two vertical planes 
drawn perpendicular to the ridges of the waves, at unit distance 
apart. The potential energy of the fluid between these planes 1s 
4gpfy'dx, where y is the elevation above the mean level at the 
point æ. Substituting from (30), and integrating, we find +gpa’r 
for the potential energy per wave-length. 


The kinetic energy 1s 


= l kap [f enut + ey th) + 2 cos 2k(a —ct)|dady. 


This gives when integrated with respect to x over a wave-length, 
and with respect to y between the limits — A and O, 


1 kap (e2h =- e7 2kh) 
or, by (28) and (81), gpa°n. 


The kinetic and potential energies are therefore equal. 


—_— . : 
159. So long as we confine ourselves to a first approximation 


all our equations are linear; so that if $., ¢,, &c. be the velocity- 


* These results were given by Green, Camb. Trans. Vol. vir. 1839. 
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potentials of distinct systems of waves of the particular kind above 
considered, then: 


will be the velocity-potential of a possible form of wave-motion, 


with a free surface. Since when ¢ is determined the equation of 
the free surface 1s given by 


the elevation above the mean level at any point of the surface, in 
the motion given by (33), will be equal to the algebraic sum of 
the elevations due to the separate systems of waves ¢,, ¢,, &c. 
Hence each of the latter systems is propagated exactly as if the 
others were absent, and produces its own clevation or depression 
at each point of the surface. 


We may in this way by adding together terms of the form (29), 
with properly chosen values of a, build up the solution of the 
general problem of Art. 156 in the case where the initial conditions 


are any whatever. Thus, let us suppose that, when t=0, the 
equation of the free surface 1s 


y =f (2), 


and that the normal velocity at that surface is then F(x), or, to 
our order of approximation, 


p=] —+—{ | È ! AAFO) cos k (N — a)} cos ket 


n | | dy f(A) cosk(A — aD} sin ket | 


and the equation of the free surface is 
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These formule, in which c is a function of k given by (28), may 
be readily verified by means of Fourier’s expression for an arbitrary 
function as a definite integral, viz. 


fazife d f (A) cos k (x — z)} l 


When the initial conditions are arbitrary, the subsequent 
motion is made up of systems of waves, of all possible lengths, 
travelling in either direction, each with the velocity proper to 
its own wave-length, as given by (28). Hence, in general, the 
form of the free surface 1s continually altering, the only exception 
being when the wave-length of every component system which 
is present in sensible amplitude is large compared with the depth 


of the fluid. In this case the velocity of propagation J gh is 
independent of the wave-length, so that if we have waves 
travelling in one direction only, the wave-profile remains un- 
changed in form as it advances. Compare Art. 148. 


A curious result of the dependence of the velocity of propaga- 
tion on the wave-length occurs when we have two systems of 
waves of the same amplitude, and of nearly but not quite equal 
wave-lengths, travelling in the same direction. The equation 
of the free surface 1s then of the form 


y =a sin k (æ — ct) + asin k' (x — c't) 














If k, k be very nearly equal, the cosine in this expression varies 
very slowly with x and t; so that the wave-profile at any instant 
is in the form of a curve of sines in which the amplitude alternates 
slowly between the values O and 2a.. The surface therefore 


presents the appearance of a series of groups of waves separated 
at equal intervals by bands of nearly smooth water. The interval 











l _ 2 
between the centres of two successive groups 1s 7: T and the 
. ke— kc Sa 
velocıty of advance of the groups is 7 = ae or i 7 k C ultımately. 
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From (28) we find 





Akh 
“die =e (1 + olih — T i 
The ratio of this velocity of propagation to that of the waves in- 


creases as kh diminishes, being 4 when the depth is infinite, and 
unity when it is small compared with the wave-length*., 


160. Rankinef has by a synthetic process arrived at the 
following exact equations, expressing a possible form of wave- 
motion when the depth of the fluid is infinite, wiz. : 


r=a +7 e- sin k (a + ct) 


1 


[ert (34). 
y=b+4+ 7,7 cos k (a + ct) | 


Here a, y are the co-ordinates at the time t of the particle defined 
by the parameters a, b, whilst k, c are absolute constants. The 
axis of x is horizontal, that of y vertical and downwards. 


We find at once 





so that the Lagrangian equation of continurty [see Art. 17] 
is satisfied. Also, substituting from (384) in ‘the Lagrangian 
equations of motion, we have 


d (Pp. T -m-: 
tals + V)= kee sin k(a+ct), 


d (p — Jen? p-kb $ o- 2k% 
ag EtV)=re cos k (a + ct) — ket e7% , 


whence, since V=— gy, 


s- 2 + 7 e=? cos k (a+ ct)) —ce-“ cos k (a + ct) + ee ™. 


Now at the free surface p must be independent of t, so that 
g= kè, 
* Stokes, Smith’s Prize Examination, 1876. See also Prof. O. Reynolds, ‘On 


Waves, Nature, Vol. Xvi., p. 343; and Lord Rayleigh, Theory of Sound, Art. 191, 


and Proc. Lond. Math. Soc. Nov. 8, 1877. 
+ Phil. Trans. 1863. 
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and 5 ght he = 


The pressure about any particle is therefore constant during the 


motion. The form of any surface of equal pressure (b= const.) 


I 


is obtained by rolling a circle of radius 7, on the under side of 
1 


the straight line ¥=6— x A point fixed relatively to this circle, 


at a distance t e-4 from its centre, will trace out the profile of 


the surface in question. The wave-length is 


oor 
A= , 


and the velocity of propagation is 


c= [t= z, 


If we differentiate (34) with respect to 4 we pi for the 
component velocities of a particle 





u= ce-”cosk(a + ct), 
v=—ce-" sin k (a + ct), 


and thence 


uds + vdy = ate 


which is not an exact differential, so that the motion represented 
by (34) ıs rotational, and cannot therefore have been generated 
from rest by the action of ordinary natural forces. The circu- 
lation in the boundary of the parallelogram whose angular pointe 


coincide with the particles 
(a, b), (a+ da, b), (a, b+ db), (a +da, b+db) 


e sin k (a + | +.ce~ da, 


d 
1S m db (ce-2*°) da.db, 


and the area of this parallelogram is 


d(x, y) 
d (a, b) 





dadb = (1 —e-*"’) dadb, 
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so that the angular velocity of the element (a, b) is 





This is greatest at the surface, and diminishes rapidly with in- 
creasing depth. 


Propagation in Two Dimensions. 


161. In the cases already considered the propagation of the 
waves over the surface of the fluid has been supposed to take 
place in one dimension (x) only. We will now sketch the method 


to be pursued in treating cases where the propagation is in two 
dimensions. 


Let the origin be taken in the undisturbed surface, the axes 
of x and y horizontal, that of z vertical and upwards; and let 


h be the (uniform) depth of the fluid. The velocity-potential ¢ 
must satisfy 


and the condition 


dp _ _ 
= 0, when 2=—/Aa.....sccccsocsees (36). 


Further, at the free surface we must have, making the same 
approximations as in Art. 156 


dp_ db _ 
di 9 dz ~ 
2 nk ee 
where ri const. Ji 9 
ap, Ab o h 
or Je TIZ w erir (37). 


Now (35) 1s satisfied by the sum of any number of terms of the 
form 
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where the k’s are constants yet to be determined, and ¢ does 
not contain 2. Substituting in (37) we find 





or d' = ¢, cos ket + fh, 8in Ket... ese sees eee (39), 


where ¢ is given by 


and ¢,, ¢, are functions of x, y only, to be determined from . 
(35) which now gives 


with a similar equation for ¢,. The solution of (40), when 


adapted to suit the conditions to be satisfied at the surfaces, if 
any, which limit the fluid horizontally, gives the possible values 


of k. By adding together terms of the form (38), in which & 


has the values thus found, we may build up a solution satisfying 
any arbitrary initial conditions, 


Oscillations in a Rectangular Tank. 


162. We apply the method just explained to the case where 
the fluid is contained in a rectangular tank whose sides are verti- 


cal. Let the origin be taken in one corner of the tank, and the 
axes of x, y along two of its sides, and let the equations of the 


other two sides be x= a, y =b, respectively. The functions œ, ¢, 
must now satisfy the conditions 





ab, = (0, when x =0, and when <= a, 
dx 

and 
A = 0, when y= 0, and when y =b. 


The general value of œ, subject to these conditions 1s given by the 
double Fourier’s series 


MTX NT? 
P, = TDA». n COS cos Te , 


a b 
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where the summations include all integral values of m, n from I 
to œ. Substituting in (40), we find 


2 
k =r (Tt +5). 
If a be the greater of the two quantities a, b, the component oscil- 
lation of longest period is got by making m = 1, n =0, whence 


T 
k= — 


a 


the motion is then parallel to the longer side of the. tank, and 
consists of two systems of waves of the kind considered in Art. 156, 
travelling in opposite directions, the wave-length being 2a. 


Circular Tank. 


163. In the case of a circular tank, whose axis is vertical, it 
is convenient to take the origin in the axis, and to transform to 
polar co-ordinates by writing | 


æx=rcosh, ‘y=rsin8. 


The equation (40) then becomes 


TH, db, JGR t Bb, = Occ (AD) 





r dr r dé? 


Now whatever be the value of ¢ it can be expanded by Fourier’s 
theorem in the form 


p =È (Y, cos nd + y, sinnô), 


where the summation embraces all integral values of n, and W, 
Xn are functions of r only. Substituting 1 in (41), we have, to deter- 








dryn . lL dy, i a o a 
BEETA +(% a) hy = 0.00.42), 


with an equation of the same form for y,. 


The solution of (42), subject to the condition that w is finite 
when r = Q, 18 
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where. ‘is an arbitrary constant, and J, (kr) denotes the Bessel’s 
Function of the nth order of the variable kr, viz. * 


J, (k) = EE fi a h a a a ke.) 


The summation in (43) is supposed to include all admissible values 
of k, to be determined by the equation 











or Ja (ka) HOuccrccescccevecaccccccseens (44), 


the accent denoting the first derived function, and a being the 
radius of the tank. It may be shewn that the values of k satisfy- 
ing (44) are infinite in number and all real. For the particular 
case n = 0, when the motion is symmetrical about the centre, the 
lowest roots are given by 


Md _ 19197, 22330, 32383, &o. 


TV 


For a discussion of the various kinds of motion represented by 
the above formule the reader 1s referred to Lord Rayleigh’s paper 
on Waves already cited}, which contains besides a comparison 
with theory of some experimental.measurements of the periods of 
oscillation in rectangular and circular tanks made by Guthriet. 


Free oscillations of an Ocean of uniform Depth. 


164. We close this chapter with the discussion of the follow- 
ing problem, which is of some interest in connexion with the 
theory of the tides :—To determine the free oscillations of an ocean 
of uniform depth completely enveloping a spherical earth. The 
method employed is due to Thomson §. | 


Let r denote the distance of any point from the centre of the 
sphere, and a, b the values of r at the surface of the solid sphere, 
and at the mean level of the ocean, respectively. The general 


* Todhunter, Functions of Laplace, &c., Art. 370. 


t See also Theory of Sound, c. 9, by the same author. The values of the roots 
of (44) for the case n=O are taken from this source. 


t Phil. Mag. 1875. 
§ Phil. Trans. 1863, p. 608. 
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solution of the equation of continuity y’¢ = 0, aye to the 
+ 


condition that ==- =0 when r =q, is 


b= > Ç +1) (=) + n 9p. 


where S_ is the general surface-harmonic of order n. The 2n+1 
arbitrary constants which the general expression for S, contains 


are functions of t, to be determined. The formula for the pressure 
is, 1f we neglect squares and products of small quantities, 





where p is the density of the fluid, V the potential due to the joint 
attraction of the earth and the sea, If we assume as the equation 
of the free surface at time t 


where Th is a spherical harmonic of order n, we have™*, at this 
surface, 


E Tr 
V= = +ttrpb 2 5 - 


Here E denotes the total mass of the earth and sea, viz. 
E = 4ra'o + 4r (b? — a") p, 


if o be the mean density of the earth. Substituting in (46), ex- 
panding, and omitting as before the squares of small quantities we 
find, at the free surface, 


ania {(v+ 1) 4 +n G) tu pT + 4r pb 3, = 








But at the free surface p=const. If we put g= S: this con- 


sideration gives 


} 3 pb“ A 
gfi 2+1 T f, 








* Pratt, Figure of the Earth, c. 3. It is assumed of course that E, p, o are all 
expressed in ‘ astronomical units.’ 
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We have still to express the condition that (47) should be the 
equation of a bounding surface. This condition [(10) Art. 10,] 
becomes in the present case 





whence 








Eliminating S, between (48) and (49) we find 





PT, 4r’ 
dë ° Ta 1,50, 








The motion consists therefore in general of a series of superposed 
oscillations, the periods t of which are obtained by putting n= 1, 


2, 3, &c., in (50). 
The longest period is that for which n = 1, in which case 








a _ 2mb 2ta f pb” 
T = g Poa l wea (51). 
If o =p, we have T, =œ, as we should expect. In fact 
Pe VOTEI (52). 


(T, infinitely small) is the equation of a sphere of radius 6 whose 
centre 1s near the origin. The fluid and solid are then equivalent 
to a single spherical mass of uniform density, so that there is 


always equilibrium when the surface is of the form (52). 


If p>, T, is imaginary, the value of 71° given by (51) being 
then negative. This indicates that the equilibrium of the ocean, 
when in the form of a sphere concentric with the earth, 1s un- 


stable. The ocean would in fact, 1f disturbed, tend to heap itself 
up on one side *. 


* See Thomson and Tait, Nat. Phil. Art. 816. 
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It a=0, we get the case treated by Thomson, viz. the case in 
which a mass of liquid oscillates about the spherical form under 
the mutual gravitation of its parts. The formula (50) becomes 


> 44rb 2n+1 
ia Tna g 2n(n—1) 
“It is worthy’of remark that the period of vibration thus calcu- 


lated is the samé for the same density of liquid, whatever be the 
dimensions of the globe. 





“For the case of n = 2, or an ellipsoidal deformation, the length 
of the isochronous simple pendulum becomes žb, or one and a 


quarter times the earth’s radius, for a homogeneous liquid globe of 
the same mass and diameter as the earth; and therefore for this 


case, or for any homogeneous liquid globe of about 54 times the 
density of water, the half-period is 47™ 128*,” 


“A steel globe of the same dimensions, without mutual gravi- 
tation of its parts, could scarcely oscillate so rapidly, since the 
velocity of plane waves of distortion in steel is only about 10,140 
feet per second, at which rate a space equal to the earth’s diameter . 


would not be travelled in less than 15 8™ 408+.” 


If on the other hand the depth A of the ocean be small compared 
with the radius of the earth, we have, writing in (50) b=a+A, and 








neglecting squares, &c. of 3 
Ara" ð P 
2 +. __ r pas 
T= gh n(n + 1) (1 nal e) SP (53), 


a result due to Laplace$. 


For large values of n the distance from crest to crest in the 


surface represented by (47) is small compared with the radius of 
the earth. The propagation of the disturbance then takes place 
according to the laws investigated in Art. 147. The formula (53) 


then becomes, approximately, 





T = 2ra + ny gh, 
a result which the student who is familiar with the properties of 
spherical harmonics will easily see to be consistent with (7). 


* Phil. Trans. 1863, p. 610. 
t Phil. Trans. 1863, p. 573. 
+ Mécanique Celeste, Livre £™*, Art. 1. 


CHAPTER VIII. 


WAVES IN AIR*. 


165. We investigate in this chapter the general laws of the 
propagation of small disturbances produced in a mass of air. (or 
other gas) originally at rest at a uniform temperature, avoiding 
such details as are more properly treated in books specially devoted 
to the theory of Sound. 


Plane waves. 


We take first the case where the motion is in one dimension 2x 
only. Let & be the displacement at time ¢ of the particles which 
in the undisturbed state occupy: the position z The stratum of 
air originally bounded by the planes x and x + dz is at the time t£ 


bounded by the planes æ + &, and «+ E+ (1 + =) dx, so that the 


equation of continuity is 


p (1 $ TE) = | EPEE (1), 


where p, 1s the density in the undisturbed state. The equation 
of motion of the stratum 1s 
d'E d 
Po de S + TOC ere rer Terr rer errr rrr res ee (2), 

and if we suppose the condensations and rarefactions to succeed 
one another so rapidly that there is no sensible gain or loss of heat 
in any stratum by conduction or radiation, the relation between p 
and p 1s | 


* This chapter was written mdependently of the corresponding portion of Lord 
Rayleigh’s Theory of Sound, the second volume of which did not come into the 
author’s hands until after the MS. of this treatise had been despatched to England 
(October 1878), o 
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Eliminating p, p we find 


d*é 
PE , T 
de TS (1 1 Ey WEreererrereeerre etre ere re rere (4), 
dc 
where 
2 ye yny | DP 
c = k yp! = HR mya NE (5) 


166. Let us denote by s the ‘condensation, 2.¢. the value of 


p A Po at any point. If this be small, we have, by (1), 
0 





nearly ; and if as in all ordinary cases of sound the condensation, 
and its rate of variation from point to point, be both small quan- 
tities whose squares, &c., may be neglected, the equation (4) be- 
comes 


de = Ç da? COE COC OCHRE OEE ESO OER EERE OR OO ERS (6) 
The complete solution of this is 
E= B(x — ch) Hf (HAC) ccrccccseveccecceees (7), 


which denotes two systems of waves travelling with velocity c, one 
in the positive, the other in the negative direction of æ. Com- 


paring (5) with the ordinary expression of the laws of Boyle and 
Charles, viz. 


we find 


so that the velocity of propagation c depends, for the same gas, 
only on the temperature @. 


For a wave travelling in one direction only, say that of œ% posi- 
tive, we have 
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and therefore 





For a wave travelling in the direction of x negative we should have 


U = — CSrceeee eineeeeERESReeRNanaeecs (9). 


It will be noticed that there is an exact correspondence between 
the above approximate theory, and that of ‘long’ waves in water 


(Art. 147). By the substitution of the words ‘condensation of air’ 


for ‘elevation of water,’ and ‘rarefaction’ for ‘depression,’ the two 
questions become identical. 


The analogy becomes however less close when we proceed to 
a higher degree of approximation. 


Spherical waves. 


167. Let us suppose that the disturbance is symmetrical with 
respect to a fixed point, which we take as origin. The motion is 
then necessarily irrotational, so that a velocity-potential ¢ exists, 
which is a function of r, the distance of any point from the origin, 


and ¢, only. If as before we neglect the squares of small quan- 
tities, we have 


dp__ dọ 
p = dt 

Now j2- k’ — (py-1 — p?) 
p y—1 yO 


whence, writing p=p,(1+s), and neglecting the square of s, we 
find 


where c has the same value as in (5). 


To form the equation of continuity we remark that, owing to 
the difference of flux across its inner and outer surfaces, the space 


bounded by the spheres r and r + dr is gaining matter. at the rate 
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we have 


a result which might also. have ‘been arrived at by direct trans- 


formation of the general equation of continuity. To our order of 
approximation, (11) gives | 








dẹ? rdr\ dr 
or 
d'ero d.ro 
= ot e emeena (12) 
This is of the same form as (6), so that the solution is 
rh = F(r— ct) t+ f(r + Ch)scccccccccvcveees. (13) 


Hence the motion is made up of two systems of spherical waves 
travelling, one outwards, the other inwards, with velocity c. Con- 
sidering for a moment the first system alone, we have 


C rm 
s= F (r— ct), 


which shews that a condensation is propagated outwards with 
velocity c, but diminishes as it proceeds, its amount varying 
inversely as the distance from the origin. The velocity due to 
the same train of waves 18 


As r increases the second term becomes less and less important 
compared with the first, so that ultimately the velocity 1s pro- 
pagated according to the same law as the condensation. 


168. Let us suppose that the initial distributions of velocity 
and condensation are given by the formule 


where W, x are any arbitrary functions. The value of ¢ at any 
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subsequent time ¢ is then to be found as follows. Comparing (14) 
with (13) we find 


Integrating the latter equation, and putting I ry(r)dr = y (r), we 


bate 


Fr) +f (0) =E xlr) + C, 


where C is an arbitrary constant. This gives, in conjunction with 


(15), 


F(t) = 4940) — STAO EE Creer (16), 
AORE AGRE ET AO k s tees (17) 


The complete value (13) of @ is then found by writing, for r 
r —ct in (16), and r + ct in (17), viz. 


TPR He) Hl et) “Fe leet 


It is obvious from the symmetry of the. motion with respect to 
the origin that 


v(i-r)= (r), y(r) = OlT), (19), 
and therefore 7 : 
W(-r)=-¥(7), x, (- pea Ae Perret ee (20). 


We shall require shortly the value of ¢ at the origin. This 
may be found by dividing both sides of (18) by r, and evaluating 
the indeterminate form which the-right-hand member assumes for 
r=0; or more simply by differentiating both sides of (18) with 
respect to r and then making r=0. The result is, if we take 
account of the relations (19) and (20), 
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169. We proceed to the general case of propagation of air- 
waves. We neglect, as before, the squares of small quantities, so 


that the dynamical equation 1s 


General Equations of Sound Waves. 


Also, writing p=p,(1+s) in the general equation of continuity, 
(8) of Art. 8, we have, to the same order of approximation 








. 170. Let us suppose a sphere of radius r described about any 
point (x, y, z) as centre. Multiplying both sides of (23) by dx dy dz, 
and integrating throughout the volume of the sphere, we find 


fal |[sdzdyaz=e fff viededyde=o [|F do, 


or, writing dS = r°dw, so that dw denotes an elementary solid 
angle, 


Let us differentiate both sides of this equation with respect to r. 
The left-hand side gives 


so that 1f we write 


b= 5 | | dda = mean value of œ over the sphere, 
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we have 
l d/ dọ 
á Bii FAG T). 
d.ro — d.ro P 
or qa Te gpa eeen Ere h 


the solution of which is 
ro=F(r-c)+flr+ ct). 


The mean value of ġ over a sphere having any point P of 
the medium as centre is therefore propagated according to the 
same laws as a symmetrical spherical disturbance of the air. We 
see at once that the value of ġ at P at the time ¢ depends on 

aas d , 
the mean initial values of ġ and a over a Sphere of radius ct de- 
scribed about P as centre, so that the disturbance is propagated 
in all directions with uniform velocity c. If the disturbance 
be confined originally to a finite portion È of space, the disturb- 
ance at any point P external to = will begin after a time 





z$, will last for a time 2a, and will then cease altogether ; 


r , r, denoting the radii of the spheres described with P as centre, 
the one just excluding, the other just including È. 


To express the solution of (23), already virtually obtained, in 


ad when ¢=(0, be 


an analytical form, let the values of $ and 7 


* This result was obtained, in a different manner, by Poisson, J. de l’Ecole 
Polytechnique, 14™° cahier (1807), pp. 334—338. The remark that it leads at once 
to the complete solution of (23), first given by Poisson, Mém. de l'Acad. des Sciences, 
t. 3 (1818—19), is due to Liouville, J. de Math. 1856, pp. 1—6. The above 
references are taken from Liouville’s paper. 

The equation (24) may be proved also as follows. Suppose an infinite number 
of systems of rectangular axes arranged uniformly about any point P of the fluid as 
origin, and let ¢), $a, $3, &c. be the velocity-potentials of motions which are the 
same with respect to these systems as the original motion ¢ is with respect to the 
system x, y, z. If then ¢ denote the mean value of the functions ¢,, ¢9, $3, &C., 
œ$ will be the velocity-potential of a motion symmetrical with respect to the point P, 
and will therefore satisfy (12). The value of ¢@ at a distance r from P will 
evidently be the same thing as the mean value of ¢@ over a sphere of radius r 
described about P as centre. 
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b= (a, Y, 2). Pay (O, Yh 2) cvvvvsvreee (23). 


The mean initial values of these quantities over a sphere of radius 
r described about (a, y, z) as centre are’ 


$ = {ly (a +lr, y+mr, z2+nr) da, 


dd | 
aaa I (x +- Lr, Yt mr, z+nr) ass, 


where l, m, n denote the direction-cosines of any radius of this 
sphere, and daw the corresponding elementary solid angle. Com- 
paring with Art. 168, we see that the value of $ at any subsequent 


time t 18 


ld 
= 7 St ffy (x+ lct, y + mct, z+ nct) da 
+E | [xe let y+ met, z+nct)da...... (26) 


171. We have so far assumed the velocity and the conden- 
sation to be so small that their squares and products may be 
neglected. The results obtained on this supposition are indeed 
sufficiently accurate for most purposes; but it 1s worth: while to 
notice briefly the solutions of the exact equations of motion of 
plane waves which- have been obtained, independently and by 


ditferent methods by Earnshaw* and Riemann t. 


Riemann’s M. othod. 


Riemann starts from the ordinary Eulerian form of the equa- 
tions of motion and continuity, which may be written 


du r du dp d log p 














‘a i D o oa (27), 
dt u dz ss EP EnEn EE es (28) 


* Phil. Trans. 1860. 
t+ Gött. Abh. c. 8, 1860. Reprinted in Werke, p. 145. 
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Multiplying (28) hy + Ni g , adding to (27), and writing for 
shortness 
jw 
dp 
I (p) + 
J (p) — u = 2s 
dy 
we obtain dt = = 
ds > fa 
di (u 
whence dr = ar fdz — (1 + 
dix 
ds 
ds = 7; Jae — (u — 





If the values of r and s can be found, those of u and p follow at 


once from (29). Now (30) and (31) shew that r is constant for 
a geometrical point moving with velocity 


de _ dp 


whilst s is constant for a point moving with velocity 


dx a dp 
=U E 
Hence any given value of r travels forward with the velocity 
P + u, and any given value of s backwards with the velocity 
dp 
dp = u. 


These results enable us, if not to calculate, still to understand 
the character of the motion in any given case. Thus let us 


suppose that the initial disturbance is confined to the space 
between the values a and b of x; so that we have initially for 


and for x>b, r=r 
li, 14 
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where 7,,7,, S,, S, are constant. The region witl.:n which r is 
variable advances, that within which s is variable recedes, so that 
after a time these regions separate, and leave between them 
a space in which r=r,, 8=s,, and which is therefore free from 
disturbance. The original disturbance is thus split up into two 
waves travelling in opposite directions. In the advancing wave 
s=s,, and therefore w=f(p)—2s,, so that both density and 


particie-velocity advance at the rate y P +u. This velocity 
of propagation is greater, the greater the value of p. The law 
of progress of the wave may be illustrated by drawing a curve 
with x as abscissa and p as ordinate, and making every point of 
this curve move forward with the above velocity. It appears 
that those parts move fastest for which the ordinates are greatest, 
so that finally points with larger overtake points with smaller 
ordinates, and the curve becomes at some point perpendicular 
dp du 
dx’ dx 
formule are no longer applicable. We have in fact a ‘bore, or 
wave of discontinuity. Compare Art. 152. 


to æ. The functions are then infinite, and the above 


Earnshaw’s Method. 


172. The same results follow from Earnshaw’s investigation ; 
which is however somewhat less general in that ıt embraces waves 
travelling in one direction only. If for simplicity we suppose p 
and p to be connected by Boyle's law 


p=Cp, 
the equation (4) 1s replaced by 


d'E 

aE os da 

TAT E 
UFA 


or, writing y=&+ é, so that y denotes the absolute position at 
time ¢ of the particle x, 


d'y — d*y | an) 
dt == (F NEPE $ + F 
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e i dy _ “4 
This is satished by Wt = p- l 
, ,(dy\\* a fay? 
so that a first integral of (32) 1s 
dy _ dy 
dt C c log ee eT ee eae ee (33) 


To obtain the complete solution of (32) we must* eliminate «a 
between the equations 


y=ar+(C+c loga)t+¢ (a) . 
0 =7x ct +ap' (2) l PEE (34). 


Now ot 





_ ay Po 
= dt = C + C "a j 
u-C 
whence p = pe a 


In the parts of the fluid not yet reached by the wave we 
have p=p,,%u=0. Hence we have C=O, and therefore 


| P = Poe CL asecevsccdecéccecccnecees (35), 
y=arntc loga.t+¢(a) $'eeeheneeaeun (36), 
QO=axrtctt+ Od’ (a) TEET (37). 


The function ¢ is determined from the initial circumstances by 
the equation 
: Po) 
z=- g (®). 
ý P 


To obtain results independent of the form of the wave let 
us take two particles, which we distinguish by suffixes, so re- 
lated that the value of p which obtains for the first particle at 
the time #¢, 1s found at the second particle at the time f,. 


* Boole, Differential Equations, c. 14. 
14—2 
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The value of a (= Po) is the same for both these particles, so that 


we have, by (36) and (37), 


Ya Z Y >= a(x, — x) + clog a (a t), 
0 =a (x, — x) celt — t). 


The latter equation may be written 





which shews that any value p of the density is propagated from 


particle to particle with the velocity c P The rate of propagation 


Po 


i n SP _C 
in space 1s given by “2 , viz. 1t 1s + c loga F -> oF 


For a wave travelling in the positive direction we must take the 
lower signs throughout. If it be one of condensation (7.e. p > p,), 


u is, by (35), positive. We see as before that the denser parts of 
the wave gain continually on the rarer, and at length overtake 
them, when a bore is formed, and the subsequent motion 1s beyond 
the scope of this analysis. 


Eliminating x between (86) and (37), and writing for clog a 
its value — u, we find fora wave travelling in the positive direction, 


y=(ct u)t+ F(a), 
which may, in virtue of (35), be written 


u=fly—(c+u)t}. 


This formula is due to Poisson*. Its interpretation, leading of 
course to the same results as before, was discussed and illustrated 


by Stokes and Airy, in the Philosophical Magazine, in 1848-9. 


The theoretical result that violent sounds are propagated faster 


* Journ, de VEcole Polyt. t. 12, cahier 14, p. 319. Quoted by Earnshaw and 
Rankine. 
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than gentle ones is confirmed by the remarkable experiments of 
Regnault* on the motion of sound in pipes. 


173. The above investigations shew that a plane wave of air 
experiences in general a gradual change of type as it proceeds. 
It 1s worth while to inquire under what circumstances a wave 
could be propagated without change. Let A, B be two points of 
an ideal tube of unit section drawn in the direction of propagation, 
and let the values of the pressure, the density, and the particle- 
velocity at A and B be denoted by p,, p,, u,, and p,, p,, Uz, respec- 
tively. If as in Art. 152 we impress on everything a velocity c 
equal and opposite to that of the waves we reduce the problem to 
one of steady motion. Since the same amount of matter now 
crosses 1n unit time each section of the tube, we have 


p,(c—u,) = plc —u,) = const. = m, say. seee e eee (40). 


The quantity m, denoting the mass swept past in unit time by a 
plane moving with the wave, in the original motion, 1s called by 
Rankine*t the ‘mass-velocity’ or ‘somatic velocity’ of the wave. 


Again, the total force acting on the mass included between A 
and B is p,—p,, and the gain per unit time of momentum of this 
mass 1s 


Hence Po Py = MU, — U,)evcccvessececccscces (41), 


where, still following Rankine, we denote by s[= p>] the ‘ bulki- 
ness, 2.e. the volume per unit mass, of the substance. Hence the 
variations in pressure and bulk experienced by any small portion 
of the medium as the wave passes over it must be such that 


P M'S = CONSt...ssessesssssssoececes, (43). 


This condition 1s not fulfilled by any known substance, whether’ at 
constant temperature, or when free from gain or loss of heat by 


* Mém. de UVAcad. t. 37. Quoted in Wiillner’s Experimental physik, t. 1, 
p. 685. : An abstract of the experiments is printed at the end of the second edition 
of Tyndall’s Sound. 

+ Phil. Trans. 1870. 
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conduction and radiation. “In order then that permanency of type 
may be possible in a wave of longitudinal disturbance, there must 
be both change of temperature and conduction of heat dunng the 
disturbance.” 


Rankine, in the paper referred to, considers it unlikely that 
the conduction of heat ever takes place in such a way as accurately 
to maintain the relation (43), except in the case of a wave of sud- 
den disturbance, where we have adjacent portions of the medium 
at a finite interval of temperature. 


This latter kind of wave is of interest because, as we have 
seen, any disturbance however started tends ultimately to become 
discontinuous. The simplest case is that in which there ıs no 
variation 1n the properties of the medium except at the plane of 
discontinuity. If p, s, u denote the values of the pressure, the 
bulkiness, and the particle-velocity behind, P, S, U those in front 
of the discontinuity, the conditions to be satisfied are obtained by 
making p,, 8, U,=D, S, u, and P, S, u,=P, X, U, respectively, in 
the above formule. We find 


_ ,/Prt 
m Jas, 


and if further V= 0 so that the medium is at rest in front of the 


wave, 
_,ag, [PZE 
c=msS s/f, 


and w= m(S—s)=+/(p—P)(S—s), 


the upper or lower sign being taken according as S 1s greater or 
less than s, t.e. according as the wave is one of sudden compression 
or of sudden rarefaction. 





The mathematical possibility of, and the conditions for, a wave 
of discontinuity were first pointed out by Stokes. 


CHAPTER IX. 
VISCOSITY. 


174. WE now proceed to take account of the resistance to 
distortion, known as ‘viscosity’ or ‘internal friction,’ which (Art. 2) 
is exhibited by all actual fluids in motion, but which we have 
hitherto neglected. The methods we shall employ are of necessity 
the same as are applicable to the resistance to distortion, known 
as ‘elasticity, which is experienced in the case of solid bodies. 
The two classes of phenomena are of course physically distinct, 
the latter depending on the actual changes of shape produced, the 
former on the rate of change of shape, but the mathematical 
methods appropriate to them are to a great extent identical. 


175. Let Pas Dry» Pas denote the components parallel to a, y, z, 
respectively, of the force per unit area exerted at the point P(x, y, 2) 
across a plane perpendicular to x, between the two portions of fluid 
on opposite sides of it; and let p,,, Pus Py» aNd Pr, Peys Pex Have 
similar meanings with respect to planes perpendicular to y and z 
respectively *. It is shewn in the theory of Elastic Solids that these 
nine quantities, which completely specify the state of stress at the 
point P, are not all independent, but that 


Pye = Pry Daz = Davy Dry = Pye: (1). 
We need not here reproduce the proof of these relations, as their 
truth will appear from the expressions for Pas &c. to be given 
below. 


* As is usual in the theory of Elasticity we reckon a tension positive, a pressure 
negative. Thus in the case of a fluid in equilibrium we have 


Pas = Py = Pa =P. 
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To form the equations of motion let us take, as in Art. 6, an 
element dvdydz having its centre at P, and resolve the forces 
acting on it parallel to x. Taking first the pair of faces perpen- 
dicular to w, the difference of the tensions on these parallel to 





xz will be (Pes dx.dydz. From the other two pairs we obtain 





CP ys dy .dzdx and Pas dz.dxdy, respectively. Hence, with our usual 














notation, 
pgm ek et ee 

and, similarly, 
pce =p Y+ o 4 Pa y Pm, (2). 
pay = Pa Gt et 


176. It appears from Arts. 2, 3 that the deviation of the 
state of stress denoted by 7,,, Pay, &c. from one of uniform pres- 


sure in all directions depends entirely on the motion of distortion 
of the fluid in the neighbourhood of P, t.e. on the quantities 
a, b, c, f, g, k by which this distortion was in Art. 38 shewn to be 
specified. Before endeavouring to express p,,, Pry, &c. as functions 


of these quantities, it is conventent to establish certain formule 
of transformation. 


Let us draw Px’, Py’, Pe in the directions of the principal 
axes of distortion at P, and let a’, b’, č be the rates of extension 
along these lines. Further let the mutual configuration of the 
two sets of axes, w, Y, z and a, y, 2, be specified in the usual 
manner by the annexed scheme of direction-cosines. 


£ Y 2 
sil, M, n, 
Y | las My nys 
z | hL, M, n. 


We have, then, | 
(2 i + 7 + =) (lu +l + lw) 














an invariant, as it should be. See Art. 8. Again 
dw dv _ (m sot mya tm, +2) (ny + np’ +n’) 


d d d i , 
+- (n, Ag + nN, =, + n, 5) (mu FMV +m,w), 


or f=mna' + mnb +m,n,c. 
Similarly g=n la +nl b +n,l,¢, 
h=lma +m b +m. 


177. From the symmetry of the circumstances it is plain 
that the stresses exerted at P across the planes y'z’, za’, wy’ are 
wholly perpendicular to these planes. Let us denote them by 
P, Pa Pa, respectively. In the figure of Art. 3 let ABC be a 
plane drawn perpendicular to x, infinitely close to P, meeting the 
axes of x, y, 2 in A, B, C, respectively; and let A denote the 


area ABC. The areas of the remaining faces of the tetrahedron 
PABC will then be JA, LA, LA. Resolving parallel to x the 


forces acting on the tetrahedron we find 
PrA=plA.l+plA.1+p,l,A .l, ; 


the external impressed forces and the resistances to acceleration 
being omitted for the same reason as in Art. 3. Hence 


Pra =P, +P, h + pl; l 
from which we write down, by symmetry, i- 


Pw = pm, + p,m," i2 pM, ; | 
Pa =P, FPN HP- J 
We notice that 


Paz + Puu Pa = P, + Py + Pg = — BP, SAY onnee (T), 
so that p denotes the average pressure about the point P. 
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Again, resolving parallel to y we find 
Py =P,m, +p,/m, + Palm, 


whence we write down, by symmetry, 
Py: =p; mM + psmn 9 + Pym 3 Mey | 
Pa SPM, FP Pd, J 


The truth of the relations (1) follows from (8) by symmetry. 
The student should notice the analogy of (3) and (5) with (6) 
and (8) respectively. 


If in the same figure (Art. 3) we suppose PA, PB, PC to be 
drawn parallel to x, y, z, respectively, and ABC to be any plane 


near P whose direction-cosines are l, m, n, we find, in exactly the 
same manner, for the components of the stress exerted across 
this plane, the values 


Dex F MPryt+NPr (Pye E MPy Pps Piz + My + Npa- (9), 


respectively. 


178. Now p,, p,, p, differ from — p by quantities depending 
on the motion of distortion, which are therefore functions of a, b’, c 
only ; and if a, b, č be small we may suppose these functions to 
be linear. We write therefore 


| p=-p+HA l +D +e) + Qua’, 
p,=—ptral(at+b +c’) + 2u, 
p,=—ptrA(a +b +c’) + Que’, 


where A, u are constants, this being plainly the most general as- 
sumption consistent with the above suppositions, and with sym- 
metry. Substituting these values of p,, p,, P, in (6) and (8), and 
making use of (3) and (5), we find 


Dex =—ptrA(a+b+c)+2ua, &e., &., 
Dy =2uf, &e., &e. 
But from the definition (7) of p we must have 
8A + 2u = 0, 


whence, finally, introducing the values of a, b, c, &c. from Art. 38, 
we have 
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du dv dw du J 
= — y — T wks eee e as a 
Pirx = P gu (54 dy T) +u, keke, (11) 
-e dio | dv = &e Ac E 
Pu E Fr dz) TP Seo i: 


The quantity u is called the ‘coefficient of viscosity. Its 
physical meaning is as follows. If we conceive the fluid to be 
moving in a series of horizontal planes, the velocity being in 
direction everywhere the same, and in magnitude proportional to 
the distance from some fixed horizontal plane, each stratum of fluid 
will then exert on the one above it a tangential retarding force 


whose amount per unit area is u times the upward rate of variation 
of the velocity. 


If [Af], [LZ], (T] denote the units of mass, length, and time, 
the dimensions of the ps are [ML 7’), and those of a, b, c, &c. 
are [T7], so that the dimensions of p are [ML> T]. 


The effect of viscosity in modifying the motion of a fluid de- 
pends however, as will appear from the examples given below, not 


so much on the value of u as on that of =p,say. The quantity 


pw’ is called by Maxwell the ‘ kinematic coefficient of viscosity.’ Its 
dimensions are [L* T>]. 


It is beyond our province to discuss the various experiments 
which have been instituted with a view to determining the values 
of p, or of u, for different substances. We may state, however, 
that u 1s found in gases to be independent of the density, and to 


increase with the temperature, its value being, according to Max- 
well, proportional to the temperature measured from the zero of 
the air-thermometer, e.g. Maxwell finds for air 


u = 0001878 (1 + 00366 6), 


the units of length, mass, and time being the centimeter, gramme, 
and second, and the temperature @ being expressed in the centi- 
grade scale. 


The value of u for water is, according to the experiments of 
Helmholtz and Piotrowski, 


p = '014061 
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at a temperature of 24°5°C, the units being the same as before. 
The viscosity of liquids diminishes rapidly with the increase of 


temperature. 


179. Let us calculate the rate at which the stresses acting on 
a rectangular element dxdydz having its centre at (æ, y, z) do 
work in changing its shape and volume. The two yz-faces give 


du dv dw 


and combining with this the similar expressions due to the other 
pairs of faces we obtain 


(Pret + Pub + Pal + 2Py f + 2Preg + 2p.yh) dedy dz ; 
or, by (11), 
—p(at+b+c)dxedydz 
+{— ula +b+c) + 2Qu(at+ +c + 2f2+ 29°+ Qh*)} dx dy dz 


The first line in this formula expresses the rate at which a uniform 
pressure p works in changing the volume of the element at the 
ratea+b+c. Since this term changes sign with a, b, c, 1t follows 
that if p be a function of the density, (and therefore of the volume 
of the element,) the work done by p during a compression 1s re- 
stored during an expansion, and vce versat. The expression in 
the second line of (12), however, does not change sign with a, b, c, 
and represents a real loss of energy. The internal friction there- 


fore involves a dissipation of energy at the rate F per unit volume, 
where 


F=—%pu(atb4+c)’?+ 2u(ae+b? + c+ 2f? + 29° + 2h’)...(13). 


F may be called, as it is by Lord Rayleigh{, the ‘ dissipation- 
function. We notice that 


af 
P=- PHE T. &C., &C., 
Dir = coil &e., &C 


* Stokes, Camb. Trans. Vol. rx. p. 58. 
t The assumption that the intrinsic energy of an element of (perfect) fluid 


depends only on its volume is the basis of Lagrange’s treatment of Hydrodynamics 
in the Mécanique Analytique. 


+ Proc. Lond. Math. Soc. June 12, 1873. 
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180. If we substitute from (11) in the equations of motion (2), 
we find that the latter may be written 


u ox Pa gy t(U U de) y (Pu, de, do) 
Pot P -tepli dy ' dz) © \ de dy?  dz’/> (14) 
&e., &c. 


Pa Jg T HV v 

OV d i . 
pag PYG, + HV, Leuveetueaeeeeess (15), 
Ow dp : 


where ọ° has its usual meaning. 


In the case of compressible fluids (gases) we may by writing 
i du dv dw 
p =Pp-3H a +o) 


reduce (14) to the form (15), but since in all probability the laws 


of Boyle and Charles hold with regard to p but not to p’, there is 
no real gain of simplicity. 


The equations (14) or (15) have been obtained by Navier, 
Cauchy, Poisson*, and others, on various considerations as to the 
‘nature and mutual action of the ultimate molecules of fluids. The 


method adopted above, which seems due in principle to de Saint- 


Venant and Stokes t, is independent of all hypotheses of this kind, 
but it must be remembered that it involves the assumption that 


Prz + P, Pry, &C. are linear functions of the coefficients of distortion. 
Hence although (14) and (15) may apply with great accuracy to 
cases of slow motion{, we have no assurance of their validity in 
other cases. 


It may be remarked, however, that the calculations of Max- 
well§, who has investigated the viscosity of gases on the assump- 


* For references see Stokes, B. A. Reports, 1846, and O. E. Meyer, Crelle, t. 59. 

t Camb. Trans. Vol. viiri. 1845. 

+ That they do so is in fact shewn by the experiments of Maxwell and of Helm- 
holtz and Piotrowski. 


§ Phil. Trans. 1867. 
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tions of the kinetic theory, point to the validity of the formule (11) 
within very wide limits as to the values of a, b,c, &c. Since the 
postulates of this theory are in the main highly probab!le, we are 
warranted in regarding the equations (14) as sensibly accurate for 
all ordinary cases of motion of gases. 


181. We have still to consider the conditions to be satisfied 
at a boundary; at the common surface, for instance, of the fluid 
and of a solid with which it is in contact. It 1s found that in 
many cases* the particles of fluid in contact with the solid move 
with the latter, so that if u, v, w and w’,v, w denote the component 
velocities of contiguous elements of the fluid and the solid respec- 
tively, we have 


Wa U, v=, WEW re (16). 


In other cases it appears that there is a finite slipping of the 
fluid past the surface of the solid. The boundary-condition may 
then be obtained as follows. Considering the motion of a small 
film of fluid, of thickness infinitely small compared with its lateral 
dimensions, in contact with the solid, we see that the tangential 
stress on its inner surface must ultimately balance the force 
exerted on its outer surface by the solid. The former stress may 
be calculated from (9); the latter may be taken as directly oppos- 
ing the velocity of the fluid relatively to the solid, and as approx1- 
mately proportional to this relative velocity, provided t be small. 
The constant (8, say,) which expresses the ratio of the tangential 
force to the relative velocity may be called the ‘coefficient of 
sliding friction.’ 


The conditions to be satisfied at the common surface of two 
different fluids, or of two portions of the same fluid separated by a 
surface of discontinuity, may be obtained in the same way. 


The boundary-conditions here given are dynamical; the purely 
kinematical condition of Art. 10 of course obtains here as always. 


* Stokes (Camb. Trans. Vol. 1x.) and Maxwell (Phil. Trans. 1866) find this to be 
true of air in contact with slowly vibrating bodies, Helmholtz and Piotrowski infer 
from their experiments (Wiener Sitz. B. tı 40, 1860) that there is little or no slipping 
for the cases of ether and alcohol in contact with a polished and gilt metal surface. 
On the other hand, they found that in the case of water, and of most other liquids 
wich they experimented upon, an appreciable amount of slipping took place. 
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182. We proceed to apply our equations to the treatment of 
a few particular problems. 


Example 1. We take first the flow of a liquid in a straight 


pipe of uniform circular section, neglecting external impressed 
forces. If we take the axis of the pipe as the axis of x, and assume 


v=(), w=0, the second and third equations of (15) give Hf = 0, 
z =Q, and the equation of continuity becomes = =0. If we 


further assume that u is a function of r(= (y? + 2”)3) and t only, 
the first equation of (15) becomes on transformation of co-ordinates 





du  ydp, ,/ťu ldu 
dt Tade f HER TTT OTTER (17). 
If a be the radius of the pipe, the surface-condition is, Art. 181, 
du 
— M an = Bu eet ee ee (1 8), 
when r =a. 
In steady motion 7 =, so that (17) becomes 
tu 1du_ 1 dp 
d? rdr ppdzx 


The left-hand side of this equation does not involve x, and the 
right-hand side does not involve 7, so that each must be constant, 


= Á, say. This gives 


du ldu 

dr? + y dry — A eeeenvrevreavneeneevenenanees (19), 
dp, 

: T: T a eT eee (20) 


The solution of (19) is 
u =} Ar? + Blog r+ Ceecee, (21), 


where B, C are arbitrary constants. Since the velocity at the 
centre of the pipe is necessarily finite, we must have B=0; C is 


then determined by (18), so that 


u=} A(t- a) —} ÉZ A. 
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The total flux across any section of the pipe 1s 





a ; 3 
| unr dr=— g rat A — $7 A. 
0 


If now in a length J of the pipe the pressure fall from p, to p,, we 
have, by (20), 


and the flux is 











If 8 = œ, there is no slipping at the boundary, and (22) then re- 
duces to its first term | 


+. “a EPEE f) 


Poiseuille found in his experiments* on the flow of water 


through capillary tubes that the time of efflux of a given quantity 
of water was directly as the length of-the tube, inversely as the 


difference of pressure at the two ends, and inversely as the fourth 
power of the diameter. These results agree with (22a). 


A comparison of the formula (22a) with experiments of this 
kind would give the means of determining p. 


183. Example 2. To investigate the effect of internal friction 
on the motion of plane waves of sound. If asin Art. 166 we neg- 
lect the squares and products of small quantities, the equation of 
motion 1s 





du = _l dp + d d'u 

dt pdz 3M ge 
or, writing u ==. and eliminating p as before by means of the 
relation p œ p,, 

ae d’ , ae 

de.” qt t 3H dxdt ee ee (23). 


To fix the ideas let us suppose that at the plane x=0 a simple 
vibration of period i is kept up, so that 
AE E A (24), 


* Mém. des Sav. Etrangers, t. 9, 1846. Quoted by Wiillner, Experimental 
physik, t. 1, p. 329. 
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when z=0. Now (23) is satisfied by the sum of any number of 
terms of the form 


provided 


To obtain a solution consistent with (24), we write a = 2mni, whence 
— 4r’ = B'e (1+ Sapna), 
= B*c’o (cos 2e + 7 sin 2e). 
Here o° = 1+ 8 run’, 
and 2e is the least positive solution of 


tan 2e = 8 mu'n. 





Hence 
Q2arne es 
B=+ ae (cos e — 2 Sin e). 
Substituting, and putting (25) in a real form, we find 
E= Ae ‘sin 2rn (1 + 3 ere TTT Tre (27), 
where a oe sın 
l cyo E» 
and C = Cy 0 Sec e. 


In (27) we must take the upper or the lower sign according as 
we consider the waves propagated in the direction of æ negative, 
or x positive. We see that the velocity of propagation is increased 
by the friction, the increase being greater for higher notes than 
for lower ones. The amplitude of the waves diminishes as they 


proceed, the diminution being the more rapid the higher the note. 
The change in the velocity of propagation depends ultimately on 


the square of u, that of the amplitude on the first power of p, so 
that the latter effect 1s much more important than the former. 
Stokes* however has shewn that in all ordinary cases the diminu- 
tion of amplitude due to friction is insignificant compared with 
that due to spherical divergence. 


The equation (27) does not constitute the complete solution of 
(23) subject to the condition (24), In fact we may add any number 


* Camb. Phil, Trans, Vol. rx. p. 94. 
L. 1d 
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of terms of the form (25), provided the coefficients be so chosen as 
to make 


SO, TE Oe Dic ccacicadsivssceenanciasss (28). 
Thus, writing 6 = k in (26), and solving with respect to a, we find 


where 


Substituting in (25), and making use of (28), we obtain the solution 
E= ye- 4"! (P coskct + Q sin ket) sin ka......... (30), 


where the summation embraces all values of k. The coefficients 
P, Q may be determined by Fourier’s method so as to make the 
sum of (27) and (80) satisfy any arbitrary initial conditions. We 
see that the effect of the initial circumstances gradually disappears, 


until finally the only sensible part of the disturbance is that due 
to the forced vibration maintained at x = 0. 


It appears from (30) that the effect of friction is to diminish 
the velocity of propagation of a free wave. 


184, Example 3. A sphere moves with uniform velocity in 
an incompressible viscous fluid; to find the force which must be 
applied to the sphere in order to maintain this motion*. 


Take the centre of the sphere as origin, the direction of motion 
as axis of x. If we impress on the fluid and the solid a velocity V 
equal and opposite to that of the sphere, the problem is reduced 
to one of steady motion. Further, assuming the motion to be 


symmetrical about the axis of 2, we may write, with the same 
notation as in Art. 103, 








eto 7) aaa (31). 


If we suppose the motion to be so slow that the squares and pro- 


* Stokes, Camb. Phil. Trans. Vol. 1x. p. 48. 
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du 


ducts of u, v, w, 7 &c. may be neglected, we obtain by elimina- 


tion of p from (15), 


COG, WG ES (32). 
If, as in Art. 140, we write 


n = — w sind, č = w cos J, 


we find on transformation of co-ordinates that the equations (32) 
reduce to the one equation 





or 





a ad lda 
etd Se WP = Userecseasceaves (33) 
If we write 
x=rcos#,  y=rsin ð, 


this becomes 





œ læ i al? 7 
| Fat os EEGI] ir = 0, 
da sm@ d/l dN - 
Ol pt ra Aer 6) oe) arpa (34). 


If K, © denote the component velocities at any point of the fluid 
along r, and perpendicular to r in the plane of 0, respectively, we 


have, from the definition of v, 








= l1 dẹ a. 1 dw 
N= in Ordo’ nd a 
The conditions to be satisfied at infinity are 
fh =— Vcos 8, O = Vsin b.e, (35). 


If we assume 
vr =sin’é f(r), 
we find that (34).1s satisfied provided 


15—2 
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To solve this equation we assume 


J (r) = 2Ar”, 
which gives (n +1) (n—2)(n—1) (n—4)=0, 
so that f(r) = . + Br + Cr + Dr*. 


The conditions (35) are then satisfied by 
D=0, 2O ee rr ra (36). 


We have still to introduce the conditions to be satisfied at the 
surface of the sphere. On the hypothesis of no slipping, these are 


= 0, et cs secvevasysesieyasiiess (37), 
when r =a (the radius), or 


Combined with (86), these give 


A=-4Va'’, se Sf ere rr ee (39), 


but we retain for the present the symbols A, B. The resulting 


value of W is simplified if we restore the problem to its original 
form by removing the impressed velocity — V in the direction of a, 


%.€. if we add to Y the term 





The resistance experienced by the sphere is most readily calculated 
by means of the dissipation-function /’ of Art. 179. Let us take 
at any point a subsidiary system of rectangular axes, in the direc- 
tions of R, O, and of a normal to the plane of 0, respectively ; and 
let [a], [b], [c], [f], [g], [2] have the same meanings with respect 
to these axes that a, b, c, f, g, h have with respect to æ, y, z. We 
find by simple calculations 
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whence 
[a] = — 2 (25 +=) cos 0, 
a 3 BL 
[b] = (T Ei =) COS 0, 
e= 6 + S cos 0, 
r T 
2[ f] = — = sin 6 
Hence 
3 
F=12p (= +5) cos’ 0 + 36u S sın“ 


To find the total rate of dissipation of energy we must multiply 
this by 2rr sin Ord@dr, and integrate with respect to 0 between 


the limits 0 and 7r, and with respect to r between the limits a and 
0. The final result is 








34° 2AB P 
lOmp (T t- a +=] ce ceeeccccreceses (42) 
If we substitute from (39), this becomes 
6Gruay’. 


Now if P be the force which must act on the sphere in order to 
maintain the motion, the rate at which this force works is PY, 
whence 

| PV = 6rua V”, 

or Er EF AOE (43). 


In the case of a sphere of mean density o falling under the 
action of gravity, P is the excess of the weight 47ca‘g over the 
buoyancy 47pa‘g, so that the terminal velocity is given by 





For a globule of water, of ‘001 in. radius, falling in air, Stokes 


finds *, 
V = 1:59 inches per second. 


* The value of u employed in this calculation was deduced from Baily’s 
experiments on pendulums, and is about half as great as that found by Max- 


well (Art. 178). If we accept this latter Value, the above Value of V must be 
halved. 
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For a sphere of one-tenth this size, the value of V would be one 
hundred times less. The viscosity of the air is therefore amply 
sufficient to account for the apparent suspension of clouds, &c. 


185. If we suppose that there is a finite amount of slipping 
at the surface of the sphere, the conditions (37) must be modified. 
Regarding the sphere as in motion, and the fluid at rest at infinity, ` 


the conditions to be satisfied when r= a are 
R= Vcos 0, and 2u[f]=6(04Vsin 0), 


where £ is the coefficient of sliding friction. These give 


A B A A B 
pt gril, ~ n= 8 (5-7 t) 
whence 
A op B , e E) . 


Substituting these values in (42), we obtain for the resistance 
experienced by the sphere 


When B =o this reduces to (43). Whatever the value of 8 may 
be, P always lies between 47ruaV and GzrpaV. 


NOTES. 


NOTE A. Art, |l. 


WHEN, as in the present subject, and in the cognate theory of 
Elastic Solids, we study the changes of shape which a mass of matter 
undergoes, we begin by considering the whole mass as made up of a 
large number of very small parts, or ‘elements,’ and endeavouring to 
take account of the motion, or the displacement, of each of these. 


If we inquire however to what extent this ideal subdivision is to be 
carried, we are at once brought face to face with questions as to the 
ultimate structure and properties of matter. We have, in the text, 
adopted the hypothesis of a continuous structure, in which case the 
subdivision 1s without limit. 


The truth of this hypothesis is, however, not probable. It is now 
generally held that all substances are ultimately of a heterogeneous or 
coarse-grained * structure; that they are in fact built up of discrete 
bodies or ‘molecules,’ separated, it may be, by more or less wide 
intervals. These bodies are far too minute to admit of direct obser- 
vation, so that we are almost wholly ignorant of their nature and of 
the manner in which they act on one another. It would therefore be 
futile to attempt to form the equations of motion of individual molecules, 
and even if the equations could be formed and integrated the results 
would not be directly comparable with observation, nor would they even 
be of interest from the point of view of our present subject. For our 
object 1s not to follow the careers of individual molecules, which cannot 
be traced or identified, but to study the motions of portions of matter 
which, though very small, are still large enough to be observed, and 


* Thomson and Tait, Natural Philosophy, Art, 675. 
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which therefore necessarily consist each of an immense number of 
molecules. 


In order then to establish the fundamental equations in a manner 
free from special hypothesis as to the structure of matter we adopt the 
following conventions. 


We suppose the ‘elements’ above spoken of to be such that each of 
their dimensions is a large multiple of the average distance (d, say,) 
between the centres of inertia of neighbouring molecules, and also of 
the average distance (6, say,) beyond which the direct action of one- 
molecule on another becomes insensible*. The latter proviso is neces- 
sary in order that the mutual forces exerted between adjacent elements 
shall be sensibly proportional to the surfaces across which they act. 
Observation shews that we may suppose the dimensions of an element 
to be at the same time so small that the average properties of the 
constituent molecules vary regularly and continuously as we pass from 
one element to another. We shall, in what follows, understand by the 
word ‘particle’ or ‘element’ a portion of matter whose dimensions lie 
within the limits here indicated. The properties of an element sur- 
rounding any point P may then be treated as continuous functions of 
the position of P. 


The ‘density’ at any point of the fluid is now to be defined as the 
ratio of the mass to the volume of an elementary portion surrounding 
that point. 


The ‘velocity at a point’ is defined as the velocity of the centre of 
inertia of an elementary portion taken about that point. This 1s of 
course quite distinct from the velocities of the individual molecules, 
which may, and in all probability do, vary quite irregularly from one 
molecule to another. 


By the ‘flux’ across an ideal surface situate at any point of the 
fluid we shall understand the mass of matter which in unit time crosses 
unit area of the surface, from one side to the other. Matter crossing 
in the direction opposite to oas in which the flux is estimated is here 
reckoned as negative. 


The flux across any surface at any point is equal to the product of 
the density (p) into the velocity (q, say,) estimated in the direction of the 
normal to the surface. This is sufficiently obvious if the fluid be 
supposed continuous, or even if it be molecular, provided that in the 


* It is supposed that in gases d is large compared with 6; the reverse is 
probably the case in liquids and solids, 
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latter case we assume the velocities of all the molecules within an 
element to agree in magnitude and direction. To prove the statement 
when the velocity is supposed to vary quite irregularly from one 
molecule to another, we have only to suppose the molecules contained 
in an elementary space to be grouped according to their velocities, so 
that the velocities of all the members of any one group shall be sensibly 
the same in magnitude and direction. Let p,,q, be the values of the 
density, and of the velocity in the direction of the normal to the given 
surface, corresponding to the first group alone, p,, g, the corresponding 
values for the second group, and so on. The part of the flux due to the 
first group is p,q,, that due to the second 1s p,g,, and so on, so that the 
total flux in the given direction 1s 


PLi + Pala t oree ; 
which is, by the definition of the symbols, = pq. 


Hence the flux across any portion of a surface every point of which 
moves with the fluid is zero. 


The foregoing considerations and definitions apply alike to solids 
and to fluids. But if we attempt to follow the motion of an element 
we are met by a difficulty peculiar to our present subject. We cannot 
assume that the molecules which at any instant constitute an element 
continue to form a compact group throughout the motion. On the 
contrary the phenomena of diffusion shew that such an association of 
molecules is gradually disorganized, some molecules being continually 
detached from the main body, whilst others find their way into it from 
without. Thus although the matter included by a small closed surface 
moving with the fluid is constant in amount, its composition 1s contin- 
ually changing. It is true that in liquids this process is exceedingly 
slow, and might fairly be neglected when regarded from our present 
point of view. In the case of gases it must however be taken into 
account, in consequence of the much greater mobility of their molecules. 


The phrase ‘path of a particle,’ often used in the text, must there- 
fore now be understood to mean the path of a geometrical point which 
moves always with the velocity of the fluid where it happens to be. In 
the case of a liquid this will represent with considerable accuracy the 
path of the centre of inertia of a definite portion of matter. 


The effect of the foregoing definitions is to replace the original 
(molecular) fluid by a model, made of an ideal continuous substance, in 
which only the main features of the motion are preserved. The corre- 
spondence of the model to the original is however as yet merely 
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kinematical; thus we cannot assert that the model will, with the same 
internal forces, work similarly to the original. 


Let u, v, w be the component velocities of the fluid, as above 
defined, at the point (a, y, z), u+a, v+ B, w+y those of a particular 
molecule of mass m in the neighbourhood of that point. Let the symbol 
2 denote a summation extending through unit volume; more precisely, 
let &% denote the result of a summation through unit volume on the 
supposition that the properties of the medium are uniform throughout 
this volume, and the same as at (x, y, z). We have, then, in virtue of 
the definitions above given 


PTS EE (1), 
Sma=0, Imß=0, Bmy=Q.. nns (2) 
If we consider a small closed surface moving with the fluid, the 
O d d d 
symbol ao = tua tU p" 7z? applied to any function F, ex- 


presses the rate of variation of F considered as a property of the 
included space. On account of the continual exchange of molecules 
between this space and the surrounding region, this 1s not necessarily 
the same thing as the rate of variation of F considered as a property of 
the matter which happens to occupy this space at the instant in ques- 
tion. Hence we cannot, as in Art. 6, accept 


Ub 
mass x =-— 


ot 


as a complete expression for the rate of increase of the x-momentum of a 
moving element. A correction is rendered necessary by the passage to 
and fro of molecules carrying their momentum with them across the 
: walls of the element. To form the equations of motion it is better, 
then, to have recourse to the second method, explained in Art. 12, viz. 
to fix our attention on a particular region of space, and study the 
changes produced in its properties as well by the flow of matter across 
its boundaries as by the action of external forces. 


Let us take then a rectangular element of space drdydz, having its 
centre at (x, y, z). Let Q denote any property of a molecule which it 
can carry with it in its motion®*. The total rate of increase of the 
amount of Q in the above space is expressed by 


* The following investigation is substantially that given by Maxwell, l c. 
Art. 12. 
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Of this the part due to the flow of matter across the yz-face nearest the 
origin 18 


{30 (u+a)-} 2 3Q (u+ a)da} iho 
and that due to the opposite face is 
- {30 (u+a)+} £ 3Q (uta) de} dydz. 


Calculating in the same way the parts due to the remaining pairs of 
faces, we find for the total variation in the amount of Q in the element, 
due to flow of matter across its walls, the Presson 


-f ZQ (u+a)+ + 30 (v +) +5 - 2¢ (w +y)} dedydz.. . (4). 

In this let us first put Q=m, the mass of a molecule. Then 
equating (3) and (4), and taking account of the relations (1) and (2) we 
fnd 








En i ee, a 


dp d.pu d. pv | d. pw 
dt dx dy dz 


= Q, 


the equation of continuity. 


Next let us put Q=m(u+a), the xmomentum of a molecule. 
Change in the amount of momentum contained in the space dxdydz is 
produced not only by the flow of matter across the boundary but also 
by the action of force from without. The external impressed forces 
X, Y, Z increase the momentum parallel to x at the rate 


SMX Av AY AS vic ccccceccececncevccsceves (5) ; 


and the effect of the internal forces in the same clirection 1s 


UPrr dPye Wes | 
(7: + Der y s ) dædydè aoci (6) 





where we have introduced the general specification of the state of stress 
at (x, y, z) from Art. 175. Equating then (3) to the sum of (4), (5), 
and (6), and making use of (1) and (2) as before, we find 


d. , l 
pu d. pu? ; d. pur | d . puw 
dt de dy dz 





„d, no d d 
= A + dx (Pre — Zma ) t dy (Pys o Zmafß) jj d= (Prez E 2nay). 
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If we write 
Par = Pr ama’, = &e., &C., 
Py =Pa —ÈMBy, &., &e.,, 
this becomes, in virtue of the equation of continuity, 
Pia aes ae re (7), 
which agrees in form with (2) of Art. 175. 





=p% + 


The quantities p’,,, Py, &c. determine the apparent stress of the 
medium at the point (x, y, z), as distinguished from the actual statical 
stress specified by p,,, Py &c. The apparent stress is what is really 
observed in all experiments in fluids. It is in fact the stress which 
must hold at any point of the continuous model above spoken of, in 
order that the model may work similarly to the original. 


In any case where we could assume that the oblique component of the 
stress across any plane is small enough to be neglected, we should find, 
calculating the rate of change of the momentum contained in a tetra- 
hedral space such as that in the figure of Art. 3, 


DV eo = P yy = P vx =- P, Say. 
The equations of motion then assume the form (2) of Art. 6. 


NOTE B. Arts, 53, 54. 


Lemma. If, in any region, a circuit*® or system of circuits A is 
reconcileable with a system B, and also with a system C, the systems 
B and C are reconcileable. 


For it is possible to connect, in the first place A and B, in the 
second A and C, by continuous surfaces lying wholly within the region 
and completely bounded by the lines A, B and A, C respectively. These 
two surfaces adjoin one another along the lines A, and if these lines be 
obliterated we obtain a continuous surface bounded by B and C, which 
are therefore reconcileable. 


Suppose now that we have in any region a system of n independent 
circuits @,, @,, --. @, such that every other circuit drawn in the 
region is reconcileable with one or more of these. We shall prove that 
any other set of n independent circuits 6,, 6,, ... b, which can be drawn 
in the region possess the same property. 


Let x denote any other circuit drawn in the region. By hypothesis 
b, is reconcileable with one or more of the system a, a,, ... @ , say with 
a,, combined (if necessary) with others of the system; and æ is also 
reconcileable with one or more of the system a,,@,,...a.. Firstly let us 
suppose that æ, is included in the set with which œ is reconcileable. 
We have then a, reconcileable with one or more of the system 
b,, as Q3, -> @,, and also with one or more of the system %, a,, @,,...@,. 
Hence, by the above Lemma, it must be possible to form a mutually 
reconcileable set from the system 2, 0,,4,,a,,...@,. Further, of this 
set x must be one; for otherwise we should have 6, reconcileable with 
one or more of the system a,, a@,, ... a,, and also with a, (combined, it 
may be, with others of the system). Hence, by the Lemma, it would be 
possible to form a reconcileable set from the system @,, a@,, ... @ , con- 
trary to hypothesis. Hence æ must be reconcileable with one or more of 
the system 0,,a@,, a,, ... @,. Ifa, be not included in the set of a’s with 
which æ is reconcileable. this result is obvious. Hence, in any case, we 


n? 


* Every circuit spoken of in this note is supposed to be simple, and non- 
evanescible. i 


238 NOTES. 


can, in the system a@,, a,, ...a., replace a, by 0,, and still obtain a 
system of n circuits with one or more of which every other circuit drawn 
in the region 1s reconcileable. 


In particular, b, is reconcileable with one or more of the system 
Ds Q, Q ... a 3 and it is, by hypothesis, not reconcileable with b, 
alone. If then a, be one of the set with which it is reconcileable, 
it follows by exactly the same argument ‘as before that we may replace 
a, by b., so that any circuit drawn in the region is reconcileable with 
one or more of the system 0, b., a,, ... @ e 


This process of replacing a’s by bs may be continued, until we 
finally arrive at the result that every circuit drawn in the region 1s 
reconcileable with one or more of the system 6,, b., ... b, 

The order of connection of a region 1s therefore a, perfectly definite 
number. For let there be two sets, a,, a,,...a,,and 0, b ... b, of 
independent circuits, such that any other circuit drawn in the region 1s 
reconcileable with one or more of either set ; and if possible let m, n be 
unequal, say n >m. The above argument shews that every circuit 
drawn in the region is reconcileable with one or more of the system 
b,, bas ... 6, contrary to the supposition that there are n — m independ- 


ent circuits 0,,,, ... 6, which are not reconcileable. 


It is possible to draw a barrier meeting any one of the circuits 
 @,, Gq, ... Q, in one point only. For if every barrier through a point P 
of one of these circuits meets the circuit again, it must be possible to 
connect P with all other points of the circuit by a continuous series of 
lines drawn each on a barrier, and therefore to fill up the circuit by a 
continuous surface lying wholly within the region, contrary to the sup- 
positions that the circuit is simple and non-evanescible. 


Further, it 1s possible to draw the barrier so as not to meet any of 
the remaining circuits. For if every barrier which meets one of the 
circuits, say a,, necessarily intersects one at least of a certain set a of 
the remaining circuits, then, if we consider the infinite variety of 
barriers which can be so drawn, it appears that we can connect the 
various points of æ, with those of a by a continuous web of lines drawn 
each on a barrier, and therefore we can connect a, and a by a continuous 
surface lying wholly within the region. That is, a, and a are reconcile- 
able contrary to hypothesis. 

The above demonstrations are slightly modified from Riemann * and 
Königsberger t. | 


* le. Art. 63. , 
t Theorie der elliptischen Functionen, c. 5. 


NOTE C. Art. 112. 


Let an infinitely great force X act for an infinitely short time T on 
the solid in the direction of a, so as to change the x-component of the 
impulse-from € to + òf. The total work done by this force is 


T 
| Aud t. 
J 0 


If u, u, be the greatest and least values of u during the time T, 
this hes between 


rT T 
ü | Xdt, and », | Xdt, 
0 0 


i.e. between w,6&, and w,d€ If ò be infinitely small, w,, u, are each 
sensibly equal to u, and the work done is ué. In the same way we 
may calculate the work necessary to increase the remaining components 
of the impulse by the infinitely small amounts òn, df, 6A, &c. Since the 
work done is equal to the additional kinetic energy generated, we 
have 


| WE + 0... + pdrAt...= 07 
dT dT 


os te REREPEN (1). 


Now if the motion of the solid be altered in any ratio, the impulse 
will be altered in the same ratio. Let us then take 


Ow 7 op a 

wu pO? 
and therefore 

b€ OX 


240 NOTES. 


We have, from (1), 


E+... HPA notad Pid + 
Ut... +P oie a” D+ vee; 
i ono pau incdcesseesuacesseaceseaeis (2), 


since 7’ is a homogeneous‘quadratic function. Performing the arbitrary 
variation 6 on both sides of (2) we find 


UdE+ ... tHPOAH... 
+ ðu + ... tAdp+ ... = 267, 


and thence, making use of (1), 
fout... trAdp+... =d7 


dT Sy a aT, 
7 U e+ dp SP T 
Since the variations du, òp, &c. are here independent, we have 
t dT dT 
du? i’? ~ dp? `"? 


the formulæ to be proved. 


NOTE D. ART. 134. 


The dynamical equations of Art. 6 may be written, when a force- 
potential V exists, in the form 


dut o dP 7 
9 Dip — CE 
ue rm aang ~ de | 
dv dP | 
Fa T 2 IZ = = 
7 2wE+ Qul dy ‘canes svi sadunecess (1), 
m — sun + v =— dP | 
dt 1 Ee f 
where P= | 2 + V+ (vel.)’. 


Differentiating the third of equations (1) with respect to y, the 
second with respect to z, and subtracting, we find 
dé dé dé dn =) = du „du dv >) 
di’ ly” Te IPAE -n tel dz (2). 
Remembering the relation (1) of Art. 127, and making use of the 
equation of continuity ((7) of Art. 8], 


T + p#=0, 
we may put (2) in the form 
£ 
oF du du I Op 
Tt Ty dz” p ot’ 
d 
or o £ Edun du, tdu PEREN (3). 


ot p pdx pdy pdz 
In the same way we obtain two similar equations, which may be 
written down from symmetry. 
Let the projections on the co-ordinate axes of the line joining two 
neighbouring particles on the same vortex-line be 


Se, Te, F 


Pp P P. 
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respectively. The rate at which the projection on 2 is increasing is 
equal to the difference of the values of wat the two ends, i.e. to 


fe du ne du Ce du 


eg T ss a C o 


p dx p dy p dz’ 


or, by (3), to 
3 


2 E 
“Ot p 


Hence the projections of the line in question will at the time 
t + dt be 


(Ere =. dt), (2457. di), ($+ $. di), 


respectively, that is, the line still forms part of a vortex-line. 
Also, if ds be the length of this line at any instant, we have 


ds = «— i 
p 
where w 1s the angular velocity of the fluid. But if o be the section of 
a vortex-filament having ds as axis, the product pods is constant with 


regard to the time. Hence the strength wo of the vortex is constant. 

This extension of Helmholtz’ proof, which is limited to the particular 
case 0 = 0, is due to Prof. Nanson. 

The connection between the above proof and that by Thomson given 
in the text may be shewn as follows*. 

If 4, B, C be the projections on the co-ordinate planes of the area of 
a circuit moving with the fluid, we have 


0A 
Ot E J (vdz 7 wdy), 


where the integration is taken right round the circuit. If the circuit be 
infinitely small, this gives 


oA , (dv n E) E dv C dw 
oto p dz de ` dæ 
-A0 -AŽ BP 0P. (4), 


where 0 has the same meaning as in the text. But (Art. 39) the 
circulation in the circuit is equal to 2(€4 + n8 + €C), and since this is 
constant with regard to the time we have 


© (A+ B+ £0) =0 a (5) ; 


* Messenger of Mathematics, July, 1877. 
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2.e. by (4) and similar equations 
0E „du du “) 
A (u-i Nay t 
On dv dv dv 
+B EE Ig E) 
06 ,dw dw dw 
f -e a- ——— <a ———<$—— mp e 
+O (5, da 1 dy ce) 
+ (A+ By + Cl) 0=0. 
This being true for any small circuit whatever, the coefficients of 


A, B, C on the left-hand side must separately vanish. The equations 
thus obtained are equivalent to (3). 


If we introduce the Lagrangian notation of Arts. 16, &., and apply 
(5) to the circuit which initially bounded the rectangle dodc, we have 





_ ay, 2) 
A ree dode, &c., 


d (y, z) d(z x) ,d(u,y) | 
ET, c) 1, C) +7 (b, c) = bo 
where é, is the initial value of € at (a, b, c). This and two similar 
equations which may be written down from symmetry are Cauchy’s 
integrals of the Lagrangian equations. These integrals contain, as 
Stokes pointed out, the first rigorous proof of Lagrange’s theorem. See 
Art. 23. The remark that they follow in the above manner from 
Thomson’s circulation-theorem is due to Prof. Nanson. 


and therefore 








If we eliminate p between the equations of motion of a viscous 

liquid [(15) of Art. 180], we obtain three equations of the form 
ay an ee SERENE (4). 

The first three terms on the right-hand side express, as we have seen, 
the rate at which € varies for a particular particle when the vortex-lines 
move with the fluid and the strengths of all the vortices remain constant. 
The additional variation of € due to viscosity 1s given by the last term 
of (4), and follows the same law as the variation of temperature due to 
conduction of heat in a medium of uniform conductivity. It appears 
from this analogy that vortex-motion cannot originate in the interior of 
a viscous fluid, but must be diffused inwards from the boundary. 


16—2 


NOTE E. 


On the Resistance of Fluids. 


One of the most important but at the same time most difficult practical 
questions connected with the subject of this book is the determination 
of the resistance experienced by a solid moving through a fluid, e.g. by 
a ship moving through the water, or by a projectile through the air. 


The effect of a liquid on the motion of a solid through it has been 
discussed, on certain assumptions, in Arts. 105—119. It was there 
found that the whole effect was simply equivalent to an increase in the 
inertia of the solid. The latter yields more sluggishly to the action of 
force than it would do if the fluid were removed, whether the tendency 
of the force be to increase or to diminish the motion which the body 
‘already has; but there is no tendency to a total transfer of energy of 
motion from the solid to the fluid, or in any other way to reduce the 
solid to rest. Thus a sphere immersed in a liquid will move under the 
action of any forces exactly as if its inertia were increased by half that 
of the fluid displaced, and the fluid then annihilated. For instance, if 
set in motion and then left to itself, it will describe a straight path with 
uniform velocity. 


These theoretical conclusions do not at ail correspond with what is 
observed in actual cases. As a matter of fact a body moving through a 
fluid requires a continual application of force to maintain the motion, 
and if this be not supplied the body is quickly brought to rest. 

This discrepancy between theory and observation must be due to 
unreality in one or more of the fundamental assumptions on which the 
investigations referred to were based. ‘These assumptions are 

A. That the fluid is ‘perfect, t.e. that there is no tangential action 
between adjacent portions of fluid, or between the fluid and the solid ; 

B. That the motion is continuous, t.e. that the velocities u, v, w 
are everywhere continuous functions of the co-ordinates; and 


C. That the fluid is unlimited except by the surface of the solid. 
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Let us take these in order. 


A. The effects of imperfect fluidity, or viscosity, have been treated 
of in Chapter IX. The resistance due to this cause is proportional to 
the velocity of the solid, and, for a body of given shape, to its linear 
dimensions. This has been proved in the text for the case of the 
sphere, and it 1s easy, by the method of ‘dimensions,’ to extend the 
result to the general case. Thus if , LZ, t, T, w, U, p, P be corre- 
sponding lengths, times, velocities, and pressures in two geometrically 
similar cases of motion, it appears from equations (14) of Art. 180 that 
we must have 

p P pu pU pu pU 


n E e. D o a ey 


LOL PC LP ¢ 7° FT 





2 2 
Hence m n i 
t T 
ancl př : PL*= d l <= ly: LU. 


That is, the resultants of the pressures (normal and tangential) on 


any corresponding areas are proportional to the products of corresponding 
lines and velocities. 


It must be remembered however that the investigations of Chap- 
ter LX. proceed on the assumption that the motion is slow. Thus itis . 
very doubtful whether the equations of Art. 180, or the boundary 
conditions of Art. 181, would be applicable to the motion of the stratum 
of water in contact with the side of a ship in rapid motion. 


B. It appears from Art. 30 that there is a certain limit to the 
velocity of a solid of given shape if the motion be continuous. When 
this limit 1s reached, the pressure at some point of the surface of the 
solid sinks to zero, and if the limit be exceeded, a surface of discontinuity 
is formed. See Art. 94. If the surface of the solid have a sharp 
projecting edge or angle, this limiting Velocity is very small (zero if the 
edge be of perfect geometrical sharpness), whilst for bodies of ‘ fair’ easy 
shape it may be considerable. 


When the motion is continuous a certain amount of momentum is 
expended in each unit of time in starting the elementary streams which 
diverge from the body in front, but this momentum is restored again to 
the body by the streams as they close in behind. But when a surface 
of discontinuity is formed the streams do not close in again; on the 
contrary, we have a mass of ‘dead water’ following the body and 
pressing on its rear with merely the general pressure which obtains in 
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the parts of the fluid which are at rest. Hence the restoration of 
momentum no longer takes place, and a force equal to the loss per unit 
time must be applied to the solid in order to maintain its motion. 


The only case of this kind which has as yet been mathematically 
worked out is that in which the solid is a long plane lamina, with 
parallel straight edges. If the lamina move broadside-on, the motion is 
obtained from Art. 98 by considering a velocity q, parallel to y impressed 
on everything. The resistance to the motion of the lamina with velocity 

TT 
44+ 
experienced by a lamina moving obliquely has been calculated by Lord 
Rayleigh (l. c. Art. 96). The result is 


7T Cosa 





q 1s then pq, 4, where /1s the breadth of the lamina. The resistance 


2 


PT l, 





4 +reosa 


where a is the angle which the direction of motion of the lamina makes 
with the normal to its plane. 


Generally the resistance due to this cause is proportional to the 
square of the velocity, so long as we can assume that the motions of the 


fluid corresponding to different velocities of the solid are geometrically 
similar. 


The formation of the ‘wake’ which is observed to follow a vessel in 
motion has been attributed by some writers to the friction between the 
surface of the ship and the water. It is supposed that the tendency of 
this friction is to drag a mass of water bodily after the ship. This 
explanation, if correct, shews that the laws of fluid friction laid down in 
Chapter LX. do not hold for such rapid motions as are here in question. 


It seems possible however that the wake may be in a great measure 
due to the cause at present under consideration. It is at all events 
admitted that the wake is greatly increased by discontinuity in the 
lines of the vessel, a state of things favourable as we have seen to the 
formation of a surface of discontinuity in the fluid. Again*® it is 
possible that the bottom of a ship (especially when foul) is to be re- 
garded not as a geometrical surface, but as a mass of projections each of 
which establishes a surface of discontinuity, with dead water in its rear, 
on its own account. The aggregate of these masses of dead water would 
then build up the wake. We should thus also have an explanation of 
the law, laid down by some writers on this subject, that the ‘skin- 
resistance’ 1s proportional to the square of the velocity. 


* Cf. Stokes, Camb. Trans., vol. viir, p. 301. 
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Of course there is not, practically, in any of these cases absolute 
discontinuity of motion. It was shewn in Art. 132 that a surface of 
discontinuity may be regarded as made up of a system of vortices 
distributed in a certain way. Owing to fluid friction the vortex-motion 
does not remain concentrated in this surface, but 1s diffused through the’ 
fluid on each side. Thus the boundary of the dead water is marked by 
a band of eddies. 


C. The effect of a rigid boundary to the fluid may be estimated 
from Art. 125 (a). It appears that if the dimensions of the solid be 
small compared with its distance from the boundary, the influence of 
the latter may be neglected. 


A free surface at a great distance from it also has little effect on 
a solid. The case 1s otherwise however when the solid is only partially 
submerged, e.g. a ship. One effect of the motion is to make the pressure 
deviate from its statical value ; to increase it, for instance, at the bows 
and at the stern, and to diminish it amidships*. Hence the level of the 
fluid is disturbed, there 1s an elevation of the water at each of the 
former points, and a depression between. A wave like this, accom- 
panying the ship, would of course cause no loss of energy beyond what 
is Necessary to maintain it against viscosity. But we have also waves 
produced which travel over the surface, and carry off energy to the 
distant parts of the fluid. The energy thus dispersed must of course 
come directly or indirectly from the ship; and the loss from this cause 
constitutes a special form of resistance, called ‘ wave-resistancet.’ 


A body moving through air will in like manner experience a resist- 
ance due to the dispersion of energy by air-waves. It appears, however, 
that if the motion be steady, and the velocity of the body small compared 
with that of sound, the resistance due to this cause is inappreciable. 
For we have, with the same notation as in Art. 169, 


| dd 2, d8, 
T Edt? V=- ai 


* This is easily seen by impressing on everything a velocity equal and opposite 
to that of the ship, and so reducing the case to one of steady motion. 

t For a discussion of the various kinds of waves produced by a ship, and of the 
probable laws of wave-resistance, we must refer to a paper by Rankine, in the 
Phil. Trans. for 1871. The student may also consult, on the general question, 
Rankine ‘‘On Stream-Lines in connection with Naval Architecture,” Nature 
vol. 11, and Froude ‘‘On Stream-Lines in Relation to the Resistance of Ships,” 
Nature, vol. 111, 
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and writing $= a, where a is the velocity of the solid, we have, as in 
has ° l | +, è 
Arts. 86, 105, to write for F , -a i when the quantities to be 


differentiated are referred to axes fixed in the solid. On this supposition 
the above formule become 


a dy : ds 
“Tat VERS, 
and therefore 
,, a dw 
p -= È dat J 
x 


t.e. Yd is of the second order of small quantities. Hence to a first 
approximation 


y > a 0, 


i.e. the fluid moves sensibly as if it were incompressible. 
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EXERCISES. 


1. If the motion of a fluid in two dimensions be referred to polar 
co-ordinates 7, 0, and if wu, v denote the component velocities along and 


perpendicular to the radius vector, the component accelerations in the 


Same directions are 
du du du v? 


+u — +U—.— — 


dt dr rdd r? 
dv dv dy uv 


and — +7 — +t v—n + — 
| dt dre rd r?’ 


respectively. 


2, Ifin the solution of the equations 


dx dy dz 
=W, 


t 


— = 2 — y 
dt ? dt ? dt 
where u, v, w are given functions of x, Y, z, t, satisfying the condition 


du 1 dv n dw 0 

dx dy dz ?’` 
x, Y, z be expressed as functions of t, and the arbitrary constants a, b, c, 
d(x, Y, z) 


the determinant d (a, b, ©) 


is independent of ż. 


8. If F(x,y, 2, t) =0 be the equation of a moving surface, the 
velocity of the surface normal to itself at any point is — 


_i af here k’ = a 4 aA y 
R dt? VSS = (5) (T) (=) 


Hence deduce the surface-condition of Art. 10. [Thomson. | 
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4, In the case of motion in two dimensions for which 
udx + vdy = hd (a? — x’), 


apply (10) of Art. 10 to obtain the general equation of lines made up of 
the same particles; and thence shew that the particles which once lie in 


a curve of the nth order continue to lie in a curve of the mth order, 
[Stokes. ] 


5. Investigate an expression for the change in an indefinitely short 
time in the mass of fluid contained within a spherical surface of small 
radius. 

Prove that the momentum of the mass in the direction of the axis of 
xis greater than it would be if the whole were moving with the velocity 
at the centre by 

l Ma’ p du dp lM cng (+ + Se) 
5 dx dx dy dy dz dz *?\da? dy dè/j' 
[H. M. Taylor, Math. Trip., 1876. | 


[=e 


ð P 


6. A cistern discharges water into the atmosphere through a verti- 
cal pipe of uniform section. hew that air would be sucked in through 
a small hole in the upper part of the pipe, and explain how this result 
is consistent with an atmospheric pressure in the cistern. 

[Lord Rayleigh, Math. Trip., 1876. ] 


7. Leta spherical portion of an infinite quiescent liquid be separated 
from the liquid round it by an infinitely thin flexible membrane, and let 
this membrane be suddenly set in motion, every part of it in the direc- 
tion of the radius and with velocity equal to S,, a harmonic function of 
position on the surface. Find the velocity produced at any external or 
internal point of the liquid. [ Thomson. ] 


8. Prove that the energy of the irrotational motion of a liquid in a 
given region 1s less than that of any other continuous motion consistent 
with the same motion of the boundary. [ Thomson. | 


9, Prove that if the force-potential V satisfy the relation y*V = 0 
the pressure cannot, in irrotational motion, be a minimum at any point 
in the interior of an incompressible fluid. 


10. In the irrotational motion of a fluid in two dimensions prove 
that if the velocity be everywhere the same in magnitude it is so in 
direction. (Math. Trip., 1873. } 
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11. Prove, and interpret, the following formula for the energy of a 
liquid moving irrotationally in two dimensions: 2T = p [¢dy, the inte- 
gration extending round the boundary. 


12. When a liquid moyes irrotationally in two dimensions round a 
corner where two branches of the boundary meet at an angle a 
(measured on the side of the liquid) which is <180°, shew that the 
particle at the corner is in a position of permanent or mstantaneous rest 
according as a+ 90° or >90". 


What takes place when a>180° ? [Stokes. } 


13. A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arehes resting on a 
rectangular pier of width 2b, the bridge being so broad that under it the 
fluid moves uniformly with velocity U. Shew that, after the stream 
has passed through the bridge, the velocity-potential of the motion is 


a — A-D a <2 . nib ney a 


1 -38m —— cos —— =? 
N a a 





the axis of x being in the forward direction of the stream, and the origin 
at the middle point*of the pier. 
Find the equation of the path of any particle of the water. 
[C. Niven, Math. Trip., 1878.] 

. 14. The transverse section of a uniform prismatic closed vessel is 
of the form bounded hy two intersecting hyperbolas represented by the 
equations /2(a@°-y*)+ae+y=e, J2(y—x*)+e°+y?=B 

If the vessel be filled with water, and be made to rotate with angular 


velocity w about its axis; prove that the initial component velocities of 
any point (x, y) of the water will be 


ee {29° — Ox y ef- Kli (a — b*) yi, 


and 





x, pa {20° — bzy’ + ,/2 (a? — b°) a}, 
respectively. [Ferrers, Math. Trip., 1872.] 


15. Work out by the method of Art. 95 the solution in the case 
where a stream of liquid, of given breadth, impinges perpendicularly on 
an infinite plane lamina. | Kirchhoff. ] 


16. An anchor-ring is in motion parallel to its axis in an infinite 
mass of liquid. Shew by a diagram the arrangement of the stream-line: 
and equipotential surfaces, firstly when there is, and secondly when there 
is not, cyclic motion through the ring. 
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17. A large closed vessel of incompressible liquid with a motionless 
solid globe immersed in it at a distance from the nearest part of the 
outer boundary very great in comparison with the radius of the globe, 
is suddenly set in motion with a given translational velocity V. Find 
the instantaneous motion of the liquid and of the. globe. Prove that 
according as the mean density of the globe 1s greater or less than the 
density of the liquid, its velocity is less or greater than V. (Assume 
the centre of inertia of the globe to be in its centre of figure.) 

{ Thomson. | 


18. Prove that under the circumstances of Arts. 107, 108 the 
linear momentum of the whole matter contained within a spherical 
surface enclosing the whole of the moving solids is equal to two-thirds 
of the impulse; also that the linear momentum of the matter contained 
within a spherical surface not enclosing any of the solids is the same as 
if this matter were rigid and moving with the velocity at the centre. 

| Thomson. | 


19. Verify the former of the statements in the preceding exercise in 
the case of the sphere (Art, 109). 


20. A sphere is in motion in a mass of liquid enclosed in a fixed 
spherical case. Find the motion of the liquid at the instant when the 
centre of the sphere coincides with that of the case. [ Stokes. ] 


21. Also work out, by the method of Art. 125, an appréximate solu- 
tion for the case in which the distance between the centres is small 
compared with the radius of the containing vessel. 


22. Integrate the equations of motion of a solid through a liquid in 
the case of Art. 116 (g). [Thomson. | 


23. Work out the problem of Art. 125, supposing the spheres to be 
moving perpendicularly to the line of their centres. 


24, Prove (by the method of images) that a straight vertical vortex- 
filament moving in water bounded by two vertical walls at right angles 
will describe the Cotes’s spiral r sin 29=a in exactly the same manner 
as a particle under the action of a repulsion varying inversely as the 
cube of the distance. 


Prove also by the same method that if the vertical planes be inclined 
at an angle T an exact submultiple of two right angles, the vortex- 


filament will describe similarly the Cotes’s spiral r sin.nO = a. ) 
(Greenhill. | 


256 EXERCISES. 


25. If (r, 0) (r, 9,), ... be the polar co-ordinates at time ¢ of a 
system of rectilinear vortices whose strengths are m,, m,, ... respectively, 
prove that 


2 
mr" = const., 


„d0 | 
and Zm ae Èm m, 
| Kirchhoff. | 


26. A series of long waves 1s propagated along a uniform canal, 
arising from a small disturbance at the mouth which varies as a given 
function of the time; assuming that the effect of friction may be repre- 
sented in a general way by a retarding force varying as the velocity, 
determine the motion. [ Stokes. | 


27. Prove that the formula 


p =a (e” + e™) (2 +e) cos k (x — ct), 


where = 3 represents a possible form of wave motion in a uniform 


canal whose section 1s a right-angled isosceles triangle having its sides 
equally inclined to the vertical. (The axis of x is the bottom line of the 
canal, and that of y is vertical.) 


Find the velocity of propagation in terms of the wave-length; and 
examine the form of the free surface. [ Kelland. | 


28. Prove the formula 
dh = ae*(y sinB-zcos8) cos k (x — ct), 


giving the motion of a series of waves parallel to the edge of a shore 
sloping at an angle 8. 


Find the velocity of propagation, and the form of tke free surface. 
[ Stokes. | 


29. Calculate the tidal motion of a heavy lquid contained in a 
square vessel of uniform depth, due to a small horizontal disturbing 
force acting uniformly throughout the mass, whose magnitude is con- 
stant, and whose direction revolves uniformly in the horizontal 
plane. 


How could the forces here imagined be realized experimentally ? 
[Lord Rayleigh, Math. Trip., 1876. ] 
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30. If liquids of densities p and p and depths h and h’ be contained 
between two fixed horizontal planes at a distance +h, prove that the 
velocity v of propagation of waves of small displacement of length A at 
the common surface is given by 


(v— V cos a)*p coth =~ 4 (v — V cosa’) p’ cot n - Ei- p)=0, 


where V and V’ are the mean velocities of the currents in the liquids, 
and a and a are the angles the currents make with the direction of pro- 
pagation of the waves, the currents slipping over each other. 

[Greenhill, Math. Trip., 1878. ] 


31. A wind of velocity V is blowing horizontally over the surface 
of deep water; prove that the velocity of propagation of waves of 


length A is 
oV f > oy’? ý 
—— t COS 
l+o (l+o)*) ’ 


where C= ail = velocity without wind, 


o=specific gravity of air, and the upper or lower sign is to be taken 
according as the waves travel with or against the wind. 
[ Thomson. ] 


32. Hence shew that the velocity of waves travelling with the 
wind is greater or less than the velocity of the same waves without 
wind, according as V > or < 2c; and that waves of length A cannot 
travel against the wind if 


V >c aa [ Thomson. | 


33. Find an expression for the average energy transmitted across a 
fixed vertical plane parallel to the fronts of an infinite train of irrota- 
tional harmonic waves, of given small elevation, moving on water of 
uniform nik i [ Math. Trip., 1878. ] 


34. A jon rectangular vessel nearly filled with water is continued 
at one end as a shallow canal of indefinite length ; supposing the water 
of the vessel thrown into the condition of a stationary undulation, find 
approximately the rate at which the undulations would subside by com- 
munication to the water of the canal. [Stokes. | 


L. 17 
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35. From the general properties of equipotential and stream-curves, 
prove that in a regular series of waves moving in deep water without 
molecular rotation there is necessarily in the neighbourhood of the 
surface a transference of fluid in the direction of the wave’s propagation, 
whether that surface satisfy the condition of a free surface or not. 

[Lord Rayleigh, Math. Tripos, 1876.) 


36. Prove that a wave of sudden rarefaction in a gas is an unstable 
state of motion. Thomson. ] 


37. Prove that the dissipation-function of Art, 179 cannot be zero 
at every point of an incompressible fluid unless the fluid move as a solid 
body. [ Stokes. | 


38, Assuming the formula 
$ = ae-ky sin k (x —ct) 
as representing approximately the motion of a long train of waves on 


deep water, prove by means of the dissipation-function of Art. 179 that 
the diminution of a due to viscosity is given by the formula 


a= a,e7 km, [Stokes. ] 


39. Explain in general terms, without calculation, why short 
waves are more rapidly destroyed by viscosity than long ones. 


40. <A long circular cylinder rotates about its axis with uniform 
velocity in an infinite mass of viscous fluid; find the motion of the fluid 
when it has become steady. | Stokes. ] 


41. Work out the same problem for the case of a rotating sphere. 
| Kirchhoff. | 


42. Investigate the small oscillations of a spherical shell filled with 
viscous fluid, and oscillating by the torsion of a suspending wire. 
{ Helmholtz. ] 


43. A cylinder moves with uniform velocity in a direction per- 
pendicular to its length, in an infinite mass of viscous fluid ; prove that 
the motion cannot be steady. Describe in general terms the nature of 
the actual motion. ` [Stokes. ] 
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